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ABSTRACT
PREDICTION OF RIGID BODY AIRCRAFT ACCELERATION
RESPONSE DUE TO ATMOSPHERIC DISTURBANCES
Billy Keith Buck
Old Dominion University, 2004
Director: Dr. Brett Newman
Methodology to predict aircraft transient motion resulting from flight within an unsteady
atmospheric environment, coupled with validation using flight test data is proposed. A family of
five linear dynamic models is developed for describing the normal acceleration throughout an air-
craft cabin due to vertical gust excitation. The five models successively build upon each other by
incorporating higher fidelity gust penetration effects while simultaneously maintaining a unified
modeling framework. Six wind fields reconstructed from flight test data are used to excite the
vehicle models. Simulation responses are compared with forward, center, and aft accelerometer
response data recorded during the test. Each model contributes a unique response for the same air-
craft type to an atmospheric disturbance. Results obtained depend on the type of wind field input
applied to the simulations. All models tend to adequately approximate the non-linear flight data.
However, one model consistently outperforms other models even though it does not correspond to
the highest fidelity gust penetration model. This one model appears to be an acceptable alternative
to the higher fidelity, non-linear full simulation when approximating the acceleration response.
Complexity issues with the higher fidelity models are also addressed for their implementation and
verification with the variety of wind field inputs.
Co-Directors of Advisory Committee: Dr. Colin Britcher
Dr. Roland Bowles
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At any given point during an aircraft flight study, a researcher may ask: “How would the air-
craft react to that?” The most convenient and practical method to explore these ideas and investi-
gate configuration options is to first conduct an analytical and/or simulation study using an
appropriate engineering math model of the relevant physics. To go directly to a flight test can cost
large sums of money and manpower that may be unavailable, prohibitive, or expensive. Unless one
is working for a major commercial airline, airframe manufacturer, or a governmental agency,
access to the full envelope, non-linear, multi-million dollar aircraft simulation and database for a
particular aircraft is typically not available. Additionally, what if there exists interest in the effect
of the proposed study on several classifications within a broad category of aircraft? The effort
required to create or buy a simulator for each type of interest is insurmountable.
From the small, high technology business perspective, it is difficult to conduct advanced flight
research while at the same time not having full access to the high fidelity aircraft model. To create
a surrogate simulation, specific aircraft characteristics are required in dimensional and/or non-
dimensional form for each aircraft type and condition of interest. Any simulation tool requires a
numerical data source of flight conditions for a given aircraft. Generally, only a few conditions are
accessible to the public at large through technical papers, industry-government reports, or text-
books. To acquire aircraft data for an entire flight envelope can come at a great cost. The most
accurate data will come from the manufacturer; however, acquiring this data can be a long process
for approvals and non-disclosure agreements. Once the data is in hand, the researcher is left to the
task of reading volumes of proprietary data and programming numerous lines of code and data
2
tables. Also, before any work can begin on the problem, the simulation created for each aircraft
type of interest must be validated.
A method that has developed over the years has been the creation of less complex and sophis-
ticated aircraft simulations. A researcher may not require an ability to know how the aircraft reacts
in a turn or a climb. Landing or take-off sequences of flight may also be unnecessary. In general, a
researcher may be interested only in an aircraft's response to a selection of a particular wind field
(turbulence, vortex, theoretical spectra gust) or command maneuver (control surface doublet, step,
sinusoidal) at a particular flight condition. These inquires do not require the large investment in
resources noted above to answer the questions of interest. In fact, an approximate simplified
dynamic model which exhibits the key features associated with the question of interest, and which
de-emphasizes all other aspects, is all that is required by the analyst.1-4
One of the simplest forms of an aircraft simulation makes use of a two degree-of-freedom (2-
DOF) linear longitudinal model, commonly called the pitch-plunge or short period model.5 These
models are limited to the assumption that the aircraft forward motion is prescribed with constant
speed resulting in the vehicle traveling along a scheduled straight ground track. This model
assumes the longitudinal dynamics decouple from the lateral-directional dynamics and the sym-
metric motion is a small perturbation about the equilibrium. This model also typically assumes a
gust field that may be linearly interpolated and does not account for gust penetration effects on the
aircraft (the effect of an aircraft re-acting to a gust at the fore and aft station at different points in
time).6-8 Calculation of accelerations throughout the cabin is also commonly ignored. In addition,
a 2-DOF model inherently does not incorporate the full control system for the aircraft, but in
nearly all cases of modern commercial aircraft the autopilot or stability augmentation system is
operating and influencing the aircraft motion behavior. A controls fixed simulation, or a researcher
developed control system, may not accurately model an aircraft's closed-loop response to turbu-
lence.
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A critical implication is the need to improve existing in-house, low cost, low fidelity commer-
cial aircraft simulation techniques for engineering analysis and design. Not all flight study work
requires a full, front-line working simulator; but more flexibility and capability is desired over the
conventional pitch-plunge model. Using selected analysis tools of a linear convolution model from
AeroTech Research (U.S.A.), Inc., this thesis will address the development of improved tech-
niques for the prediction of rigid body aircraft acceleration responses due to atmospheric distur-
bances.9 In particular, the goal of this thesis work is to develop and document five different aircraft
models and to advance those models to the next level by improving them and assessing their abil-
ity to predict distributed load within a commercial aircraft's cabin. The five models successively
build upon each other adding increasing degrees of sophistication and complexity through the
inclusion of additional gust derivative terms while at the same time maintaining a standard form
for each model to make a unified implementation into a discrete FORTRAN10 simulation. The
objectives of this thesis are to develop a thorough understanding of the roots of the improved tech-
niques and validate these techniques using flight test data. Another objective of the thesis is to also
show the usefulness of a linear model, either open-loop or closed-loop, in predicting the response
of a rigid body aircraft in turbulence.11 It is hoped that the work developed in this thesis will pro-
vide AeroTech Research additional tools that can be used in its aircraft simulation studies and an
independent verification of existing implementations of aircraft models.
1.2 Literature Review
With the first, successful heavier than air flight conducted by Wilbur and Orville Wright in
1903, man’s quest has been to develop and refine the flying machine. At first, the approach to
develop satisfactory flying qualities of an aircraft and to implement and design artificial stabilizers
and automatic pilots was an empirical art.5 During the first fifty years of aviation, designers of the
aircraft’s airframe were not concerned about the study of aircraft dynamics and associated control
systems. Early on, the underlying mathematical theory for the stability and response of an aircraft
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in motion was developed but not used to its fullest. With the quick development of more advanced
flying machines, these engineering fields quickly merged. Since World War II, design trends have
evolved at such a rapid pace that the early methods and techniques developed would be inadequate
for the enormous number and type of problems stemming from the new aircraft designs being
introduced.5 The thesis research is founded upon three specific areas: flight mechanics, computer
simulation, and atmospheric turbulence. These areas are reviewed next.
1.2.1 Evolution of Flight Mechanics
Some of the first steps to understanding and modeling an aircraft’s motion was performed by
G. H. Bryan in 1902. Using conventional mathematical models, he introduced the linearized equa-
tions of motion of an aircraft body. He also discovered the method to separate longitudinal and lat-
eral motions.12 Bryan also developed the use of stability derivatives to describe an aircraft. He
found that the aerodynamics forces on an aircraft depend on these stability derivatives. Stability
derivatives are an integral part of this thesis work. Without them, the characteristics of the aircraft
could not be modeled and, therefore, the accelerations within the cabin could not be predicted with
any degree of confidence. A key benefit of the stability derivatives is the fact that the units of the
derivatives combined with the motion variable multiplier in the equations of motion are all the
same, units of acceleration. This feature provides the engineer insight into each derivative’s contri-
bution to the system as a whole just by inspection,13 a method used in the analysis of aircraft mod-
els presented herein.
The groundwork for the description of aircraft motion was laid out by Bryan using the theory
of rigid body mechanics developed by E. J. Routh in 1860. Bryan’s initial work revolved around
finding acceptable methods to express the moments and forces acting on an aircraft and to approx-
imate and interpret a solution to the equations of motion.13 In addition to this early work, Bryan
contributed the idea that the flight state of an aircraft is the superposition of two basic states. The
first was called the steady state. In it, the aircraft is in trim with a known steady attitude with no
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accelerations occurring throughout the cabin. The second state was called the perturbation state.
This state accounted for all motion not in the steady state,13 including the high frequency motion
associated with atmospheric turbulence. A goal of airplane design is to keep motions associated
with the perturbation state at a minima. This lead Bryan to introduce the concept of linearization to
separate the two states in the equations of motion. The complex problem of aircraft motion was
now separated into two, simpler problems. The development and assumptions studied by Bryan
since their introduction have become the foundation of studies of dynamic stability and response to
control.5
Bryan’s work was continued by L. Bairstow and B. M. Jones in 1912, in Great Britain. They
developed techniques to measure the stability derivatives associated with scaled models and calcu-
lated their motions14 using wind tunnels.5 This method is still used today in addition to complex
mathematical models that also help determine the stability derivatives of an aircraft’s trim state.
For example, a model built into the National Aeronautics and Space Administration (NASA) Boe-
ing 757-200 aircraft simulator was used to extract the necessary stability derivatives used in this
thesis and the same model is used to initialize the simulator at different trimmed flight conditions
and are used for the continuous closed-loop simulation in this work.
The years from 1910 to 1930 were made quite productive by the scientists and engineers of
Great Britain. These people calculated the stability of aircraft and its response to atmospheric dis-
turbances and even validated their results with full-scale in-flight measurements.14 Further
advances were made in the extension of the ability to calculate the time history of an aircraft in
response to atmospheric disturbance by Jones in 1935. This advancement led to a key point that
the prediction of stability of motion was a practical method using the theory of infinitesimal
motions.14 The work by Bairstow was also essential in determining the roots of the airplane stabil-
ity quartic in terms of polynomial coefficients.13 This method is extended in this thesis work in an
effort to simplify the aircraft models.
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As more work was done on the response of aircraft, it was determined that the stability of
motion of the aircraft was highly influenced by the variations in configuration of the aircraft with a
direct correlation to the stability derivatives. It was noted that the solutions to specific numerical
problems were linked to the dominant literal or symbolic stability derivatives.5 As exhibited in this
work, the different models to be developed are assessed on the impact of each additional gust sta-
bility derivative introduced. Certain derivatives provide more of an impact on the aircraft motion,
while others change the response very little.
The creation of the National Advisory Committee for Aeronautics (NACA) in 1915, was a
bold step forward for the development of aeronautical science and in particular that of aircraft sta-
bility and control. Another advance in the understanding of flight mechanics was the introduction
of Heaviside’s method of operators in 1931, by L. W. Bryant and D. H. Williams.13 This method
has been used in the solution of aircraft dynamics problems for many years and the method was
later introduced in the United States by Jones. Although with the introduction of non-dimensional
notation and the summarization of information on stability factors in convenient charts,5 this did
not directly simplify the enormous problem defined by the equations of motion of an aircraft.14
Jones has also been credited with the solution of lateral stability (handling and ride) of an aircraft
due to a given gust response.13 The influence of rotational gusts was recognized first by E. B. Wil-
son, although he was unable to carry through on his work due to lack of atmospheric data. An air-
craft response to atmospheric disturbances was noted as an important application of study early on
by investigators. Wilson was also credited as the first to develop a method of computing an air-
craft’s response to frequency-dependent gusts,13 a method still used by today’s engineers.
As part of his master’s degree research at Massachusetts Institute of Technology, H. K. Weiss
studied and documented the response of an airplane to both free longitudinal and lateral motions
and its response to atmospheric gusts. In his comprehensive study, Weiss described the difficulty in
factoring the transfer function of the aircraft of more than four degrees.5 The procedures available
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at the time limited engineers in their pursuit in this study.14 This same issue was an initial problem
in addressing the more complex models presented in this thesis. Methods had to be developed to
handle these higher order transfer functions if a qualitative and useful comparison of results was to
be made.
Alongside the engineering and mathematical analysis advancements of this period, aircraft
technologies and designs also advanced. A step forward in aircraft design occurred when The Boe-
ing Company introduced the first all-metal, un-braced wing airliner in 1932. Known as the Boeing
Model 247,14 all modern day commercial aircraft are its direct descendant, including the B-757-
200 used as the aircraft of choice for this thesis. Research in aeronautics continued at a steady
pace, but was quickly accelerated by the start of World War II. The introduction of the turbojet
engine quickly expanded the limits of an aircraft’s flight envelope in both speed and altitude.14
These new jet aircraft also introduced changes in the mass distribution along the longitudinal
axis.13 New methods and modifications to old ones were needed to address these new vehicle
characteristics. The new jet aircraft being developed and the use of guided missiles exhibited defi-
ciencies in stability and forced the joining of control technology and vehicle dynamics analysis.5
Without some background in control system theory and knowledge, many of the features and
assumptions used in this thesis work would not have been a reality.
The complexity introduced by these flying machines after World War II required new and bet-
ter techniques than those previously employed to solve the problems of a particular aircraft. It was
found that each individual application, whether a piloted aircraft or guided missile, required exten-
sive analysis and simulation.5 In modern times, no steel is cut or aluminum bent until a battery of
simulations and in-depth analysis is performed on a new design. The end of World War II also
brought about a flood of new books and technical papers on the subject of aeronautics. Many of
these new books laid out the relationship between the transfer function and the transient response
of an aircraft, thereby connecting the time domain response with the frequency response of vehicle
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dynamics models or automatic control systems.5 Such methods are used throughout this work in
the development of different simulations. Improvements in analog computers at the Massachusetts
Institute of Technology and digital scientific calculators at Harvard University, Bell Telephone
Laboratories, and the University of Pennsylvania quickened after the end of World War II. Origi-
nally used in the guidance of missiles by calculating ballistic tables, these machines showed great
promise in helping aerospace engineers solve the complex, simultaneous, non-linear equations of
motion and was first noted in 1947 by Ragazzini, Randall and Russell.5
Until 1950, the use and benefits of Laplace transforms was not realized and did not appear in
airplane dynamics literature. However, the work presented by Bode and Evans in later years
showed the convenience and ease of use of Laplace transforms and transfer functions. These
advancements were aided in the more widespread use of analog and later digital computers.13
These techniques developed and have become an integral part of the analysis of aircraft models,
especially the responses due to atmospheric disturbances. As of 1950, the existing state of the art
was summarized by W. Bollay. He pointed out the widespread use of the Laplace transformation,
frequency response techniques, analog computers and many other tools in use by the engineers of
the day in major aircraft manufacturing divisions.5 Many of these techniques mentioned by Bollay
are still the framework for many more advance methods and remain the tried and true tools of data
analysis of the motions of an aircraft. However, McRuer and Graham captured the problem of the
modern day aerospace engineer with the following statement: “Paper studies are only as good as
the implicit underlying assumptions.”14
1.2.2 Advances in Computers and Digital Simulation
Simulations may be classified into three main categories: human in the loop, hardware in the
loop, and engineering and scientific simulations. The simulations created for this thesis work falls
into the engineering and scientific simulation category, but they could be modified and expanded
to work in either of the other two categories.
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One category describes the human in the loop simulation. This type is a fully functional,
piloted simulation that may be either fixed base or on a motion base running in real-time. An addi-
tional feature is that visual and/or motion simulation signals are given to the pilot and the pilot in
turn gives inputs to the vehicle model. These type of simulators are often the most complex and
costly, but they are used to explore handling qualities and man-machine interfacing, and to train
pilots for hazardous situations and procedures that would be cost prohibitive and dangerous to
train for in a real aircraft. Recent windshear studies exemplify the use of simulators for the analy-
sis of hazardous atmospheric phenomenon. The first flight simulator was built by Link in the
1930s. It was used to teach roll, pitch, and yaw motions of an aircraft to students;15 however, this
mechanical simulator is unlike those we have today. Today’s more advanced full-motion visual
simulations are owned and operated by the United States government and many airline corpora-
tions. Often these simulators are so valuable, they run 24 hours a day, seven days a week. In addi-
tion to ground based simulations, in-flight simulations have been created by modifying an existing
aircraft to force it to behave like another vehicle for training or ultra fidelity investigation pur-
poses. One example of a multimillion dollar simulator is the Large Amplitude Multi-mode Aero-
space Research Simulator (LAMARS) located in the Air Force Flight Dynamics Laboratory at
Wright-Patterson Air Force Base, Ohio.16 A second, identical simulator is located at a Northrop
facility in Hawthorne, California. The cab of a LAMARS is gimbaled along a beam so that it can
pitch, roll, and yaw as it moves in the vertical and horizontal plane. Another motion simulator cur-
rently in use is the Vertical Motion Simulator (VMS) located at NASA Ames Research Center in
California.17 The VMS is a large amplitude, six-degree of freedom simulator that simulates vari-
ous aircraft by utilizing interchangeable cabs on the main hydraulically controlled platform. The
United States Air Force also operates a Total In-Flight Simulator (TIFS).18 TIFS is a modified C-
131 transport aircraft that has been used to simulate a wide variety of aircraft, including the B-1,
B-2, Space Shuttle, X-29, YF-23, C-130, C-141, and airliners such as the Boeing 717, Douglas
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MD-12X, and Nusantara N250. A similar vehicle is the United States Air Force Variable-Stability
In-flight Simulator Test Aircraft (VISTA), a F-16 modified and operated by General Dynamics.19
A second category incorporates different hardware devices in a simulation while mathematical
models are used for the remaining devices. This type of simulation, often called an “iron bird” or
“hot wire” simulation, is un-piloted and is typically conducted in real-time. A hardware in the loop
simulation is primarily used in the verification and validation of different components, and the
interaction of these components and devices with one another, in a pseudo-operational environ-
ment. Flight software, flight computers, actuators, sensors, and many more devices may be part of
such a simulation. A benefit of this simulation type is to provide an opportunity to design engi-
neers to test individual subsystems on the ground and in the lab before aircraft installation. Many
procedures and certifications are performed in a hardware simulation before a single part may
reach an aircraft, thereby saving time, money, and possibly lives.
The last category of simulation is the engineering and scientific simulation. These are un-
piloted, no hardware, and often non real-time simulations of various measures. This category is the
cheapest alternative and usually the starting point before proceeding to more complex studies. An
engineering simulation may be used to test inputs used to excite modeled vehicle dynamics, exam-
ine the stability and performance characteristics of a vehicle model, and also the integration of a
control system with the vehicle model. In particular a control system is designed, validated, and
verified in simulation before final certification to the aircraft's flight management computer. This
type of simulation is primarily where this thesis work lies.
The first mathematical techniques used in simulations were conducted with analog computers
introduced in the 1950s and 1960s. These early machines allowed the linearized equations of
motion of an aircraft to be solved electronically with some limited extensions into the non-linear
field by using non-linear circuitry. Further advances during the 1970s yielded a hybrid between
digital and analog computers that enabled engineers to simulate various vehicle motions and sys-
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tems of interest. The high frequency motion components were calculated by the analog circuitry
and the non-linear equations of motion were solved by the digital portions of these new comput-
ers.15 A hybrid computer was able to reap the benefits of both computer processor types and pro-
vided engineers and scientists the tool necessary to advance such things as aerospace, electrical,
civil, and mechanical engineering, biology, medicine, and also chemistry. In addition, such fields
like deep space radio astronomy benefit from the advances made in computers. These descendants
of the earlier dc operational amplifiers and analog computers provide the engineer and the casual
user enormous capabilities to compute, simulate, and, sometimes, to confuse.14 The more wide-
spread use of digital computers in the 1970s allowed for more realistic and accurate simulation
techniques to be used in high fidelity, full envelope, non-linear aircraft motion prediction, pilot
training on the ground, and the integration of automatic control systems on board an aircraft. These
capabilities may permit one aircraft type to emulate another aircraft’s flying characteristics dynam-
ically. Methods like this have allowed the United States Space Shuttle pilots to train in a Gulf-
stream-II aircraft that simulates the ‘feel’ of the shuttle on reentry.20
Modern methods commonly use desktop workstations in addition to super computers. Estab-
lished in 1978 at NASA Ames Research Center, the Numerical Aerodynamic Simulator (NAS)
facility quickly developed high end computing capabilities. The NAS facility was able to address
an exact formulation of the Navier-Stokes equations and various approximations of dense grid
solutions.13 Advances like this and those in modern desktop computing have allowed once ignored
problems due to complexity and time consuming nature to once again be reconsidered. What an
analyst may be able to compute may often exceed his or her mental grasp given the extensive tool
set available. Because of the excess information available and sometimes easy to manipulate tool
sets, endless contributions led to an empirical approach to design which mirrors many of the first
steps taken by the early theoretical pioneers. A critical difference is that the detail and complexity
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of today’s mathematical models are the initial source for an aircraft model. The physical equip-
ment and the actual aircraft were the only models available to the engineers of the past.14
To run a computer, one needs software or a program. Computers have been used for a wide
variety of uses, too many to name, but the aerospace engineer uses the computer to learn more
about his aircraft model. Various programming languages have been developed over the years to
meet the needs of engineers and scientists in their simulations. Zipfel notes that all mature simula-
tions are based on FORTRAN programing and the many years of verification and validation
behind them. Additional higher order simulations may be based on the C++ program language, but
its roots are in FORTRAN.15 Another popular programming language is MATLAB,21 an applica-
tion which incorporates numerical analysis, programming, graphical analysis, and specialized
toolboxes within an integrated package. This interpreted code is simpler to program in at the
expense of higher computational burden. The above languages are of a script user interface.
Beyond this, a graphical user interface (GUI) general simulation product called SIMULINK22
with further computational trade-off is also commercially available. Several specialized GUI based
flight dynamics simulation tools are also available for use with MATLAB and SIMULINK. These
include Aerospace Blockset,23 AeroSim Blockset,24 and Aircraft Control Toolbox.25 The program
used to test and implement the techniques presented in this thesis are written in the FORTRAN
language.
The basis of the dynamics of an aircraft simulator are modeled on Newton’s and Euler’s
Law,15 which leads to ordinary differential equations (ODE). Techniques are required for solving
these ODEs in the time domain and often the form of the coupled, non-linear equations of motion
require extensive algorithms for processing the multitude of signal inputs. Because general closed-
form solutions do not exist for such complex systems, at the kernel of a simulator is an algorithm
for solving such equations. Such methods required in the simulation process include integration
algorithms like Euler, trapezoidal, Runge-Kutta, and Adams-Bashforth, each having specific bene-
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fits over others in solving the necessary problem presented by an aircraft simulation.20 The trade-
off of each can be compared with the processor time required, starting characteristics, amount of
computer programming and support framework required, memory available and required, and the
precision and accuracy of the final end result of the simulation outputs. Many routines, like the
ones presented above and others, are packaged into such programs as FORTRAN and MATLAB.
The inherent quantity and quality of numerical algorithms available for computer simulation can
often lead to an in depth choice that best suits the simulation as a whole.26 A common step taken to
reduce the problem to a more manageable solution is linearization of the dynamic model. Even
though closed-form solutions exist for linear systems, it is much easier to apply the integration
algorithms here as well, especially when the input signals are of a complex nature such as atmo-
spheric turbulence derived from flight data. For this thesis work, a time domain solution is
required of the developed differential equations and FORTRAN is the programming language of
choice. Because of the digital computer implementation, and for another reason to become clear
later, the ODEs are converted to difference equations using a trapezoidal hold sampling procedure
and then solved in that framework.
The simulation selected for this research is an engineering simulation of a B-757-200. The
materials presented have been coded into the FORTRAN programming language by choice
because of several factors. FORTRAN has a long heritage as the basis of more advanced lan-
guages. Like Latin, FORTRAN is the root that others, like C++ and JAVA, build upon. FORTRAN
also provides great benefits in the speed at which the simulation may be conducted when com-
pared with others. Like many programming packages, FORTRAN has many available tool sets and
preset subroutines that allow ease of implementation of the theory presented in this work. FOR-
TRAN was also selected because of the author's past experience with the language at AeroTech
Research. The FORTRAN program code provides a commonality with other programs written for
AeroTech Research.
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Modeling and simulation is a tool often used by the aerospace engineer and the systems ana-
lyst. Zipfel states that there are ten primary benefits of simulation. These benefits include the
development of performance requirements and guiding and validating designs. Simulations are
often part of test support and are used to reduce overall cost. Simulations allow the user to investi-
gate inaccessible environments or practice dangerous procedures. In addition to pilot and operator
training, modeling and simulation provides insight into the flight dynamics of the vehicle under
consideration. A full simulation will often be the final integration of various components before
the building of a complete prototype.15 NASA has extended its aircraft simulation capabilities to
include a research development concept called “Simulation-To-Flight” to reduce costs, and in a
benefit for future major aeronautical research, to also increase testing efficiency.27
It has been noted by McRuer and Graham that a fourth and parallel branch to their famous
‘Confluence of Theory’ tree should be amended14 to include the systematic development of flight
simulation and associated high-speed computational tools. In fact, McRuer also states that simula-
tion and flight testing are part of the valuable tool set used in the development of aircraft control
systems.5 Most of all, advances in computers and programming languages make digital computing
the leader in modern simulation tools. 
1.2.3 Vehicle Loading in Turbulence
A primary concern of aeronautical engineers since the beginning of flight itself has been the
subject of an aircraft’s response to turbulent air.28 To understand the response of aircraft to atmo-
spheric disturbances and to predict accelerations induced by it, the concept of turbulence must first
be explained. Turbulence is defined by many as the chaotic motion in the atmosphere where the
velocity vector of the turbulence body is a random function of space and time.8 The over arching
cause of turbulence is the sun, as it affects the air flow over the earth’s surfaces. In addition, these
air flows are influenced largely through the Coriolis force generated by the earth’s spin.6 However,
turbulence is a description of a broad category of different forms of atmospheric disturbances.
15
One of the more descriptive forms of an atmospheric disturbance is the discrete gust. As iso-
lated events, discrete gusts generate steep gradients in both the horizontal and vertical direction in
the speed of the air mass. Often, the edges of thermals and downdrafts are the location of these gra-
dients but they may also be found near mountains, hills, cliffs, and in the wake of man-made struc-
tures. Temperature inversions will also create these steep gradients. In more rare conditions,
discrete gusts are associated with more organized structures embedded in the chaotic background
of the atmosphere including thunderstorms, turbulence in clouds, and the jet stream.8 Many of the
encounters of the NASA B-757-200 test aircraft were caused by discrete gusts and some of these
are used in later analysis in this thesis. Other forms of atmospheric turbulence are those produced
by thunderstorms called micro-bursts and vortex rotors that can be a product from nearby convec-
tive systems. Each type affects an aircraft in cruise flight differently in the vertical axis.
When modeling turbulence and using it is as input to an aircraft simulation, several assump-
tions are commonly made about its characteristics. The first is the stationary assumption. Often
universally assumed, the atmospheric turbulence’s velocity field is negligible in comparison to the
vehicle rate passing through the spatial gradients of the field.8 With a stationary turbulence field,
there is no dependence on an explicit temporal change.7 This assumption, therefore, allows atmo-
spheric turbulence to be regarded as a momentarily frozen random surface with the aircraft, its
speed much greater than the turbulence speed,7 rapidly transversing it spatially.6 Turbulence is
also typically assumed independent of its location in space and is, therefore, homogeneous. When
turbulence is both homogenous and stationary it may be considered ergodic. In addition, the char-
acteristics of turbulence may be assumed independent of direction and thus rotation of coordinate
axes will preserve the statistical properties of turbulence at a point. This phenomenon is called
isotropy.7 It is also often assumed that an aircraft, relatively small in comparison to the frozen
field, experiences the turbulence in a random motion in the line of travel, but it is commonly con-
sidered uniform in the spanwise direction.29 The size of an aircraft in relation to the wind field per-
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mits the assumption of point approximation. Here, the aircraft is treated as a point, usually located
at the center of gravity, with all gusts along the rigid body collapsed to this location.7 The assump-
tion of point approximation may be made with little loss in accuracy of the predicted aircraft
motion when the scale of turbulence is much larger than vehicle dimensions.8 Another assumption
commonly made is that the vertical gust components of turbulence combine the vertical and rota-
tional gust effects of the turbulence because the internal velocity field motions are slow in time
compared to the aircraft passing through.30 When turbulence is assumed to be homogeneous, iso-
tropic, and stationary, it may also be assumed that the probability distribution of the air mass
velocities are Gaussian and, therefore, the von Karman spectrum may be adopted.8 A von Karman
wind field will be used as test input for the models to be developed. Other commonly used wind
fields are based on the Dryden and Kolmogorov theoretical spectra.
The varying intensities of turbulence must also be classified. The classification process is
made on a determination of the effect of the atmospheric disturbance on the aircraft and passen-
gers. The four categories of turbulence intensity are light, moderate, severe, and extreme. These
classifications are used in the United States and are applicable only to the aviation industry. They
were agreed upon by a governmental and industry group in 1967, and include the associated air-
craft reactions, derived gust velocities, incremental vertical velocities, and the description of the
meteorological event.8 Light turbulence is described as a slight strain against seat belts or shoulder
straps of the aircraft occupants. Food service may continue even though unsecured objects may be
displaced and there is little difficulty in walking. Moderate turbulence produces a more dynamic
response on the aircraft where occupants do feel a definite strain on seat belts or shoulder straps.
Food service and walking is difficult and unsecured objects are dislodged. In severe turbulence,
occupants are forced violently against their seat belts or shoulder straps. Walking and food service
are now impossible and unsecured objects are thrown about the cabin. In addition, the aircraft may
momentarily be out of control. The final classification of turbulence is extreme. In addition to the
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characteristics of severe turbulence, the aircraft is violently tossed about in the atmosphere and is
practically impossible to control. Structural damage may often result.8 A useful table presented in
Reference 8 lists the different turbulence intensities with the associated running mean sigma and
acceleration peaks. Events from the NASA B-757-200 are classified using the above descriptions
and several events have been chosen for this thesis analysis. Flight test derived wind turbulence to
be used in the simulation studies falls within the moderate, severe, and extreme intensities.
1.3 Contributions of the Research
A general development of a simulation methodology and implementation technique that is air-
craft type and model independent that recovers normal acceleration during aircraft transient
motion caused by atmospheric disturbances is one contribution. Through a comprehensive devel-
opment of the equations of motion governing a linear aircraft model, a discrete form of simulation
has been developed based on a change in coefficients. A fully developed, unified framework will
accommodate a wide variety of atmospheric disturbance models and allow for the calculation of
accelerations along an aircraft center line.
 Another contribution is a comprehensive comparison of simulated responses to actual flight
derived wind fields with recorded research quality flight data. This comparison is the best form of
verification and validation of the simulation models and the implementation. Through this com-
parison, a true measure of the best model traded against model complexity can be obtained. Fur-
ther, the comparison provides an overall confirmation of the technical derivation and coding
activities of this thesis.
The developed three-dimensional (altitude, weight, and gravity center location) interpolation
routine designed to identify and calculate the vehicle response function for a particular aircraft at
an off-nominal (off-grid point) condition is another contribution of this research. This routine cre-
ates greater flexibility when comparing the simulated data with a recorded flight data case. The
simulation using the vehicle response function as in input is no longer fixed to only the available
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trim points for comparative analysis, but can accommodate any equilibrium flight condition lying
within the flight envelope.
A final contribution is the FORTRAN software product implementing the variety of simula-
tion tools and aircraft models used in this thesis research. A comprehensive, integrated resource
for all three simulation techniques and the aircraft models is presented in this work. This software
is a valuable resource for AeroTech Research, or other parties.
1.4 Thesis Outline
The layout of the thesis is given below. In Section 2, background information is provided on
the source aircraft, the flight test data used in comparative analysis, and the wind fields used as
simulation inputs. Section 3 develops the mathematical and engineering framework required for
the different simulation models. The reader is taken through the development of an aircraft’s equa-
tions of motion and the linearization process. Using the derived equations for gust penetration,
each aircraft model of increasing complexity is manipulated into a common general form. The
open-loop continuous and discrete simulation tools are developed. Explanation of the continuous
closed-loop simulation and the three-dimensional flight condition interpolation routine are also
described. Section 4 utilizes the simulation tools to generate transient aircraft acceleration
responses for a variety of flight conditions, model assumptions, and disturbance excitations. These
predictions are compared with recorded flight data to assess the performance and fidelity of each
model and its assumptions. This section includes numerical analysis and all results for each of the
models. Lastly, conclusions and recommendations follow in Section 5.
Presented in Figure 1.1 is a flow chart that was developed during the research to illustrate the
information path between different models. With the background research in place, the non-linear
equations of motion (EOM) are developed. Linear air reaction assumptions are applied and a
model family based on non-dimensional stability derivatives is developed with an ever growing
complexity of five individual aircraft models.
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Figure 1.1 Thesis Flowchart
A generalized framework is developed which extends for each model an ability to calculate the
normal accelerations at points along the aircraft’s center line. With the models and their coeffi-
cients developed theoretically, a continuous and discrete open-loop simulation is developed. In
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work conducted at AeroTech Research (ATR). This work also includes the development of the
flight condition interpolation routine. Each of the simulations are evaluated using flight test
derived wind field inputs and compared with three high frequency accelerometer data streams
recorded during the flight tests or theoretical response predictions. Final comparative analysis is




This section of the thesis will provide much of the necessary background information and data
required to understand many of the concepts and comparisons used within. A graduate level under-
standing of aerospace engineering, specifically flight mechanics, is assumed. Many of the symbols
and their meaning used throughout the text are assumed to be known by the reader. Section 2 will
begin with a description of the aircraft model to be used. A description of each wind field to be
implemented will be discussed before moving into the theoretical development required for the
aircraft models.
2.1 B-757-200 Aircraft
The aircraft selected as a model in this research work is the Boeing 757-200. Access to flight
test data from a NASA transport research systems aircraft facilitated the decision process. The
NASA B-757-200 was the second B-757 built by The Boeing Company. Completed in 1983, the
aircraft was initially used by Boeing for certification of the 757 fleet. This aircraft entered com-
mercial service with Eastern Airlines shortly thereafter. In 1994, NASA purchased this aircraft
through the Eastern Airlines bankruptcy estate.27
NASA purchased the B-757 to support a variety of flight test work that will span the next 20
years. Throughout the cockpit and cabin of the aircraft, a high fidelity research system was
designed and implemented. The B-757 was given the name ARIES to symbolize its mission; Air-
borne Research Integrated Experiments System. Some of the goals of the transport research sys-
tem include increasing the safety of commercial jet transportation within the United States and
increasing airport and airway system capacity.27 Under the safety initiative provided to NASA by
the United States federal government, the Aviation Safety Program (AvSP) was formed and from
this came the Weather Accident Prevention Program (WxAP), later renamed the Turbulence Pre-
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diction and Warning Systems (TPAWS) program. NASA uses the ARIES B-757-200 as a flying
laboratory to detect, predict, and measure different forms of atmospheric turbulence and its some-
times dangerous effects in an effort to facilitate the development of future aviation safety prod-
ucts.31 Figure 2.1 is a NASA photo of the ARIES B-757-200.
Figure 2.1 NASA ARIES B-757-200 Aircraft
The Boeing 757-200 is built on the advances made in the previous aircraft of the Boeing fam-
ily. It’s fuselage cross section is similar to that of the 707/727/737 aircraft. The B-757-200 was
built in a common design with the Boeing 767 aircraft. It is a low wing, single aisle airliner with
two turbo-fan power plants located below the wings. As with many Boeing aircraft, all flying sur-
faces have swept back and tapered characteristics. The flying controls are conventional in nature
(not fly-by-wire technology) and are hydraulically powered. The landing gear of the B-757-200 is
retractable and tricycle type in design. With a wing span of 124 ft 10 in, total length of 155 ft and 3
in, a mean aerodynamic chord of 16 ft 7.7 in, and a gross wing area of 1,951 ft2,32 the B-757-200
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is a workhorse of the airline industry. Figure 2.2 is a typical schematic of a Boeing 757-200 and is
representative of the NASA ARIES B-757-200.
Figure 2.2 B-757-200 Aircraft Layout
2.2 Input Wind Fields
The following sections will describe the wind fields used in this research. Each wind field was
chosen for specific characteristics. These characteristics and any unique features are described and
a plot of each is provided. Each wind field will be used to expose the capability or incapability of
each aircraft model to predict rigid body accelerations throughout an aircraft cabin. Prior experi-
ence has shown that the major contributor to vertical aircraft motions are the vertical components
of a given wind field and only these will be considered. Horizontal components are specified as
zero.
2.2.1 Zero Wind
The primary purpose of a zero value vertical wind field is for verification of the implementa-
tion of each simulation type and trim condition to be used in analysis. This wind field provides no
input to the model aircraft systems, thereby ensuring a test for a steady, quiescent condition. It is
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expected that the resulting accelerations predicted by each simulation, model, and trim condition
will be a steady zero output. The zero wind also allows a check for transients in the initialization of
each simulation. Any problems identified using this wind field must be corrected before proceed-
ing to the other, increasingly complex, wind fields.
2.2.2 Step Gust
A vertical step gust as an input to the simulation provides two key benefits. First, the test cases
may be examined for reasonableness in the result as in the random noise vertical wind and the
other theoretical cases. Secondly, the vertical step gust provides a key comparison point between
the different aircraft models to ensure that they all provide similar responses. In this comparison,
the reference response is the one collected for the continuous closed-loop simulation. They should
all match qualitatively. Also, if the time response is transformed into a frequency response, it may
be compared with other output sources that may be derived directly from the original transfer func-
tion. The information that can be gathered from the aircraft’s response to a vertical step gust is near
unlimited. A step value of 3 m/s was selected and the gust profile is shown in Figure 2.3.































2.2.3 Random Noise Turbulence
A wind field created of Gaussian random noise also used to test the reliability of each simula-
tion. A random number generator is used to provide the source of the vertical wind with a multi-
plier mixed in to amplify the source input at each time step of the simulation. A seed is used to
ensure an always repeatable, but random test case. The random generator used provides a Gaussian
shape to the output velocity distribution, with a mean value of zero and standard deviation of one.
For the test cases, a multiplier of 3.0 m/s was used to provide a strong enough input signal to excite
the aircraft. The benefit of using the random noise vertical wind provides a comparison of the sim-
ulation’s outputs to a known theoretical value as calculated in the frequency domain for the given
wind field. A standard deviation calculation of the vertical acceleration produced should have a
value that is near the integrated product of aircraft response squared with the turbulence power
spectrum. Figure 2.4 illustrates the random noise vertical wind field used in this thesis analysis.
Figure 2.4 Random Noise Turbulence
The spatial resolution of this wind field is dependent on the time step of the simulation and the air-




























Another unique test wind field for the simulation models is derived from an American Airlines
operated Boeing 767-20033 encounter with a discrete rotor vortex near Cimarron, New Mexico.
An industry representative case, this vortex was developed from post flight analysis using digitally
recorded flight data of the aircraft in cruise at 33,000 ft on an easterly heading, passing over the
Sangre de Cristo Mountains.34 A form of the Cimarron Vortex was developed by Dr. Paul Robin-
son of AeroTech Research for FORTRAN implementation into various simulations. This vortex
encounter provides an interesting twist in the vertical wind field as an aircraft model passes
through it. This isolated vortex model, although overly simplified, illustrates what a commercial
airliner may encounter during a clear air turbulence event. Shown in Figure 2.5, the discrete vortex
has a maximum radial velocity of 15.24 m/s and a core radius of 274.32 m. Only the vertical com-
ponent of the vortex is applied to the aircraft models.





























2.2.5 von Karman Turbulence
Like several of the proceeding vertical wind fields, von Karman turbulence has known theoret-
ical outputs in the frequency domain for comparison. The area under the curve calculated from the
Fast Fourier Transform (FFT) of the load response will be proportional to the sigma multiplier
used in the von Karman wind field. The von Karman wind field used in this work is based on a
spatial data series created by AeroTech Research. Figure 2.6 shows the von Karman wind field
used with a multiplier of 3 m/s and a length scale of 500 m for the test cases. The spatial resolution
here is 25 m.
Figure 2.6 von Karman Turbulence
2.2.6 Modified von Karman Turbulence
This vertical wind field adds a unique test and comparison point for the simulations. The mod-
ified von Karman turbulence field, developed by Dr. Roland Bowles of AeroTech Research, cre-
ates a value of vertical gust in real-time that has the characteristics of typical von Karman gust
turbulence, but may be tailored for specific behavior. The turbulence uses a Gaussian random



























series that may be used as input to a simulation. For simplification purposes, a wind field with a
length scale (any choice may be considered) of 500 m has been created and stored for input to the
FORTRAN code modeling the aircraft dynamics. Figure 2.7 illustrates the modified von Karman
turbulence used in the test cases.
Figure 2.7 Modified von Karman Turbulence
2.2.7 Flight Derived Wind
The final vertical wind fields used for comparative analysis are part of the three dimensional
wind vector model derived from data taken aboard the NASA B-757-200 ARIES research aircraft.
The inertial wind vector was derived using high fidelity aircraft measured parameters for the
NASA TPAWS program.35 For this work, the vertical wind component of this field is used as the
primary input with the simulations. Six turbulence encounters of the B-757-200 have been selected
for the comparison work. An additional bonus from the aircraft research systems is the recorded
forward, center, and aft accelerometers during the turbulence encounters. The encounters were
moderate to severe in nature and originated within a convective induced turbulence environment.





























experienced by the B-757-200 can be considered to be typical in characteristic and form. These
flight data wind fields provide the best, real-world test of the simulations and models developed
for this research. Comparison analysis for this work will focus on the response of the simulated
aircraft to these flight derived vertical wind profiles. The following figures (Figures 2.8 - 2.13)
represent the vertical wind used as an input to the simulations. Note the wind fields are described
in a spatial series with a resolution less than 5 m, well below the aircraft length of 155 ft.





























Figure 2.9 Condition 2 Wind Field


















































Figure 2.11 Condition 4 Wind Field

















































Figure 2.13 Condition 6 Wind Field
2.3 Aircraft Flight Conditions
Six flight trim conditions have been selected for the simulation study. Each trim condition is
based on the actual trim condition of the NASA B-757-200 during its turbulence encounter for the
wind fields listed in Section 2.2.7. Table 2.1 lists each of the trim and turbulence conditions and
why each particular turbulence encounter was chosen. The Rxxx-xx descriptor denotes the flight
test record keeping system. The aircraft state data (Table 2.2) at the trim conditions are based on
average values of aircraft weight, airspeed, altitude, and others during the event. The non-dimen-



























B-757-200 simulator trim program under previous work conducted by AeroTech Research. Vari-
ables listed in Table 2.2 and Table 2.3 are defined in the Nomenclature Section.
Table 2.1 Test Conditions
In Flight Name
757-200 Trim Condition
[aawwwcc - altitude (kft) weight 
(klbf) and cg (%mac)]
Reason Chosen
- 2018014 Matrix grid point, known “good” point
R191-06 3317719 Severe turbulence encounter
R233-01 3019018 Severe turbulence encounter
R233-04 1518018 Moderate turbulence encounter, low altitude
R235-02 2518018 Moderate turbulence encounter
R235-05 2017018 Moderate turbulence encounter
R240-09 2518018 Extreme turbulence encounter
Table 2.2 B-757-200 Trim State Simulation Parameters for Selected Events
Parameter Cond. 1 Cond. 2 Cond. 3 Cond. 4 Cond. 5 Cond. 6
In Flight Name 191-06 233-01 233-04 235-02 235-05 240-09
Altitude 33,000 30,000 15,000 25,000 20,000 25,000
Weight 177,600 190,000 180,000 180,000 170,000 180,000
Gravity Center 19.27 18.00 18.00 18.00 18.00 18.00
Indicated Airspeed 279.0 290.0 290.0 290.0 290.0 290.0
True Airspeed 771.00 761.89 606.60 705.26 653.62 705.26
Attack Angle 2.0200 2.0876 2.187 2.0463 1.9556 2.0463
Pitch Angle 2.0200 2.0876 2.187 2.0463 1.9556 2.0463










It should be noted that the theoretical maximum value for  is  . The values pre-
sented in Table 2.3 do exceed this theoretical maxima for Condition 1 and 2; however, this is
accepted for the research given the limited access to the source of the stability derivatives.
Table 2.3 B-757-200 Non-Dimensional Stability Derivatives for Selected Events
Parameter Cond. 1 Cond. 2 Cond. 3 Cond. 4 Cond. 5 Cond. 6
In Flight Name 191-06 233-01 233-04 235-02 235-05 240-09
 6.970 6.775 5.564 6.005 5.757 6.005
 -7.360 -7.222 -6.291 -6.720 -6.465 -6.720
 12.06 11.64 9.617 10.52 9.99 10.52
 -2.361 -2.260 -2.033 -2.129 -2.068 -2.129
 -16.23 -15.21 -11.52 -13.21 -12.20 -13.21
 -37.88 -36.94 -32.65 -34.75 -33.56 -34.75
CLα rad 1–( )
CLα· rad
1–( )
CLq rad 1–( )
CMα rad 1–( )
CMα· rad
1–( )
CMq rad 1–( )




To develop any of the five models that will be used in the prediction of cabin loads in an air-
craft, the equations of motion of an aircraft body must first be developed in the proper, usable con-
text. The following section begins with Sir Isaac Newton’s Second Law of Motion and expands it
with the motions and air reactions of a body in the earth’s atmosphere. The detailed work con-
tained herein follows closely the formulation presented in Reference 7. Additional detailed steps
are included for completeness with the result being to develop the governing equations for longitu-
dinal flight dynamics.
Following the introduction of several key intermediate variables, the models, their conditions,
assumptions, and formulation, are developed. Further expanding the usefulness of each model, the
calculation of load along the aircraft’s center line is introduced. The final form of the continuous
and discrete open-loop simulation and continuous closed-loop simulation techniques are devel-
oped. The final work in this section is the development of a three dimensional interpolation tech-
nique and speed curve fit for use with a form of AeroTech Research’s continuous closed-loop
simulation.
3.1 Equations of Motion Development
3.1.1 Force Equation
The development begins with Newton’s 2nd Law of Motion, denoted by Equation (3.1-1),
which introduces the relationship between a body’s mass, its acceleration, and the resulting force.
Definitions of all the symbols can be found in the Nomenclature Section. Note the subscript 







Next, express  and  in the body reference frame , denoted by the subscript , with Equa-
tion (3.1-2). This transform of reference frames is accomplished through the use of a transforma-
tion matrix developed in several common engineering textbooks. Here the transformation matrix,
, is used to transform vectors between the earth’s fixed frame and the body frame of the mass
(hence forth referred to as the aircraft).  represents the direction cosine matrix of frame 
with respect to frame .
 (3.1-2)
The derivative of  is required for the interaction with the time derivative of velocity and is
defined as Equation (3.1-3). This equation now introduces the angular velocity skew symmetric
matrix and is described further in Etkin.7
 (3.1-3)
Substituting Equation (3.1-3) into Equation (3.1-2) yields Equation (3.1-4).
 (3.1-4)
To eliminate the additional transformation matrices  and to simplify the equation, pre-multiply
by .
 (3.1-5)
The left-hand side of Equation (3.1-5) is a representation of the force vector in the body frame and
is the sum of the aerodynamic forces, propulsive forces, and the gravitational force. This formula-























fB AB TB mgB+ +=
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The different variable contents are expressed in Equations (3.1-7) through (3.1-11). Introduced
here are the inertial gravitation terms affecting the aircraft, the aerodynamic forces acting on the
aircraft in its three primary axes, similar information for the propulsion forces, and the total veloc-
ity vector expressed in terms of inertial velocities with components taken respect to the body axis.
The angular velocity matrix  is also defined. The following notation is also used for simplifica-






Utilization of Equation (3.1-6) within Equation (3.1-5) yields the desired vector equation.
 (3.1-12)




Cχ χ( )cos= Sχ χ( )sin= χ ϕ θ ψ, ,=
AB X Y Z
T
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CθCψ CθSψ S– θ
SϕSθCψ CϕSψ– SϕSθSψ CϕCψ+ SϕCθ


































CθCψ CθSψ S– θ
SϕSθCψ CϕSψ– SϕSθSψ CϕCψ+ SϕCθ






Equation (3.1-13) represents a compact form of the basic force equation but it is desired to write
each of the body axis force expressions individually. Expand and simplify this equation to yield





The second part of the formulation of the governing equations involves the definition of the
equations of angular momentum about the aircraft’s center of gravity. This concept is written as
Equation (3.1-17) and is often referred to as Euler’s equation.
 (3.1-17)
Following a similar approach as described in Section 3.1.1, the aerodynamic and propulsive
moment terms  and the angular momentum rate terms  are expressed in the body reference
frame  by introducing appropriate transformation matrices.
 (3.1-18)
Substituting Equation (3.1-3) into Equation (3.1-18) yields Equation (3.1-19).
 (3.1-19)
To eliminate the additional transformation matrices  (which is the transpose of  previously
defined) and to simplify the equation, pre-multiply Equation (3.1-19) by .
 (3.1-20)
X XT mg θsin–+ m u·
E qwE rvE–+( )=
Y YT mg θ ϕsincos+ + m v·
E ruE pwE–+( )=
Z ZT mg θ ϕcoscos+ + m w·
































The angular momentum is defined as the relationship in Equation (3.1-21) between the
moments of inertia of the aircraft body and the angular velocity of the body frame or vehicle.
 (3.1-21)
The moments of inertia of an aircraft body may be defined as Equation (3.1-22) in matrix form.
 (3.1-22)
The angular velocity of the aircraft may be broken down into three body axis rates and is written in
vector form in Equation (3.1-23).
 (3.1-23)
Equation (3.1-20) requires the time derivative of angular momentum. Expanding Equation
(3.1-21) using the rules of calculus,  may be written as Equation (3.1-24).
 (3.1-24)
One of the basic assumptions used throughout this thesis research is that the body of the aircraft
being studied is rigid. A real aircraft is truly a flexible structure that bends and twists while in
flight. To contain these characteristics in the work being developed is beyond the scope of this the-
sis. A rigid aircraft body is assumed for simplification purposes and, therefore, the time derivative
of the moments of inertia matrix is thereby assumed zero as expressed in Equation (3.1-25).
 (3.1-25)
Next, the total moment term is expressed into the three common body axis components of
aerodynamic and propulsion angular force represented by Equation (3.1-26).
hB IBωB=
IB
Ixx I– xy I– xz
I– yx Iyy I– yz
I– zx I– zy Izz
=



















Simplifying Equation (3.1-20) by substitution yields Equation (3.1-27).
 (3.1-27)
Each term from Equation (3.1-27) is expanded into explicit algebraic vector notation to yield
Equation (3.1-28).
 (3.1-28)
Equation (3.1-28) represents a compact form of a basic equation but it is desired to write each
of the body axis angular moment expressions individually. Expand and simplify this equation to





An aircraft by typical design is a symmetric body. Because of symmetry of an aircraft in the body
frame plane, two products of inertia may be written as zero . To take advantage of
























Ixx I– xy I– xz
I– yx Iyy I– yz







Ixx I– xy I– xz
I– yx Iyy I– yz





Ixy Iyx= Iyz Izy=
Izx Ixz=
L LT+ Ixxp· Iyz q2 r2–( )– Izx r· pq+( )– Ixy q· rp–( )– Iyy Izz–( )qr–=
M MT+ Iyyq· Izx r2 p2–( )– Ixy p· qr+( )– Iyz r· pq–( )– Izz Ixx–( )rp–=
N NT+ Izzr· Ixy p2 q2–( )– Iyz q· rp+( )– Izx p· qr–( )– Ixx Iyy–( )pq–=
Ixy Iyz 0= =( )
L LT+ Ixxp· Ixz r· pq+( )– Iyy Izz–( )qr–=




Equations (3.1-14) through (3.1-16) and Equations (3.1-32) through (3.1-34) represent the six
dynamic equations of motion of an aircraft flying through the atmosphere under the noted assump-
tions. Although highly accurate in the representation of aircraft movements, the non-linear combi-
nation of many of the terms limits the insight and flexibility available in a simpler modeling
process. To overcome complexity, linearization of the equations is introduced and carried forth in
the following section. A reference (trim) flight condition is represented by subscript  in the equa-
tions. In addition to a rigid, symmetric aircraft, the theoretical development of this work will also
assume a steady symmetric rectilinear level equilibrium condition. In other words, no change
exists in the three translational velocities , angular velocity changes are zero
, and the additional conditions  are satisfied.
Although  is typically small during high speed cruise conditions and can be neglected when
multiplied by a perturbation variable, the  term is retained in this analysis because the equations
being developed will not only account for cruise flight, but also slow and steady high angle of
attack flight conditions. A more refined set of equations of motion would be possible with the
incorporation of unsteady aerodynamic effects, but this extension is beyond the scope of this thesis
research. Using the linearization process, the governing equations may now be written as Equation
(3.1-35) through Equation (3.1-40) by replacing the appropriate variables with reference flight





N NT+ Izzr· Ixz p· qr–( )– Ixx Iyy–( )pq–=
o
u· oE v·oE w· oE 0= = =( )





Xo ΔX+( ) XTo ΔXT+( ) mg θo Δθ+( )sin–+
m u· oE Δu· E+( ) qo Δq+( ) woE ΔwE+( ) ro Δr+( ) voE ΔvE+( )–+[ ]
=
Yo ΔY+( ) YTo ΔYT+( ) mg θo Δθ+( ) ϕo Δϕ+( )sincos+ +
m v·oE Δv·E+( ) ro Δr+( ) uoE ΔuE+( ) po Δp+( ) woE ΔwE+( )–+[ ]
=
Zo ΔZ+( ) ZTo ΔZT+( ) mg θo Δθ+( ) ϕo Δϕ+( )coscos+ +






The small disturbance assumption of this development work implies the use of small angle
approximation for aircraft rotations about a trim, cruise flight condition. Small angle approxima-
tion will allow for further simplification of the non-linear equations of motion, in particular the
inertial gravity terms in the force expressions. First, the trigonometric terms involving pitch angle





Small angle approximation allows one to make the assumption that when the angle is small, trigo-
nometric functions can be replaced by the argument value and a constant value. Hence,
 and , and similarly for . These approximations are shown in Equation
(3.1-41) through Equation (3.1-44).
After substituting Equation (3.1-41) through Equation (3.1-44) into the expanded motion
equations, invoking the desired reference condition values noted previously, and neglecting prod-





Lo ΔL+( ) LTo ΔLT+( )+ Ixx p· o Δp·+( ) Ixz r·o Δr·+( ) po Δp+( ) qo Δq+( )+[ ]–=
Iyy Izz–( ) qo Δq+( ) ro Δr+( )[ ]–
Mo ΔM+( ) MTo ΔMT+( )+ Iyy q· o Δq·+( ) Ixz ro Δr+( )2 po Δp+( )2–[ ]–
Izz Ixx–( ) ro Δr+( ) po Δp+( )[ ]–
=
No ΔN+( ) NTo ΔNT+( )+ Izz r·o Δr·+( ) Ixz p· o Δp·+( ) qo Δq+( ) ro Δr+( )–[ ]–
Ixx Iyy–( ) po Δp+( ) qo Δq+( )[ ]–
=
θo Δθ+( )sin θosin Δθcos θo Δθsincos+=
θosin Δθ θocos+( )=
θo Δθ+( )cos θocos Δθcos θo Δθsinsin–=
θocos Δθ θosin–( )=
ϕo Δϕ+( )sin ϕosin Δϕcos ϕo Δϕsincos+=
ϕosin Δϕ ϕocos+( )=
ϕo Δϕ+( )cos ϕocos Δϕcos ϕo Δϕsinsin–=
ϕocos Δϕ ϕosin–( )=
Δθsin Δθ= Δθcos 1= Δϕ
Xo ΔX+( ) XTo ΔXT+( ) mg θosin Δθ θocos+( )–+ m Δu· E woEΔq+[ ]=
Yo ΔY+( ) YTo ΔYT+( ) mgΔϕ θocos+ + m Δv·E uoEΔr woEΔp–+[ ]=
Zo ΔZ+( ) ZTo ΔZT+( ) mg θocos Δθ θosin–( )+ + m Δw· E uoEΔq–[ ]=




To isolate the trim condition values from the final solution, all disturbances quantities are set to







To approach the final form of the linearized equations, substitute and/or cancel Equation (3.1-51)
through Equation (3.1-56) within Equation (3.1-45) through Equation (3.1-50) and simplify. The







For completeness, the linear forces and moments are introduced as summations of aerody-
namic stability derivatives multiplied by the appropriate motion variable, aerodynamic control
Mo ΔM+( ) MTo ΔMT+( )+ IyyΔq·=
No ΔN+( ) NTo ΔNT+( )+ I– xzΔp· IzzΔr·+=
Xo XTo+( ) mg θosin– 0=
Yo YTo+( ) 0=
Zo ZTo+( ) mg θocos+ 0=
Lo LTo+( ) 0=
Mo MTo+( ) 0=













--------------------------- gΔθ θosin– uo
EΔq+=
Δp·












derivatives multiplied by a generic aerodynamic control variable ( , e.g. elevator, aileron, rudder,
etc.), and finally propulsion control derivatives multiplied by a generic propulsion control variable
( , e.g. throttle, etc.). Often in an aircraft model simulation development, gust effects of the
atmosphere are neglected for various reasons and removed from the final form of the equations.
However, gust effects are of central importance to the thesis research. For this reason and to illus-
trate a more accurate representation of an aircraft model traveling in the atmosphere, gust effects
and its subsequent derivatives will be introduced. Aerodynamic loads are a function of the relative
airflow which includes the gust conditions and therefore, the inertial terms , , , ,
, , , , and  are accompanied with subtraction of the corresponding gust term so
that the model accounts for the a non-quiescent atmosphere. Note positive gust rates are in the
same direction as the vehicle rates. The aerodynamic model developed separates the longitudinal
and lateral directional components, and the aerodynamic acceleration or apparent mass terms are
included for , , and , but not , , and . The aerodynamic terms are listed in
Equation (3.1-63) through Equation (3.1-68). Propulsion terms are listed in Equation (3.1-69)
through Equation (3.1-74). For simplification purposes, the superscript denoting the inertial refer-










ΔuE ΔvE ΔwE Δu· E
Δv·E Δw· E Δp Δq Δr
Δu· E Δv·E Δw· E Δp· Δq· Δr·
u v w
ΔX u∂
∂XΔ u ug–( ) u·∂
∂XΔ u· u· g–( ) w∂
∂XΔ w wg–( ) w·∂
∂XΔ w· w· g–( ) q∂
∂XΔ q qg–( ) δA∂
∂X ΔδA+ + + + +=
ΔY v∂
∂YΔ v vg–( ) v·∂
∂YΔ v· v·g–( ) p∂
∂YΔ p pg–( ) r∂
∂YΔ r rg–( ) δA∂
∂Y ΔδA+ + + +=
ΔZ u∂
∂ZΔ u ug–( ) u·∂
∂ZΔ u· u· g–( ) w∂
∂Z Δ w wg–( ) w·∂
∂Z Δ w· w· g–( ) q∂
∂ZΔ q qg–( ) δA∂
∂Z ΔδA+ + + + +=
ΔL v∂
∂LΔ v vg–( ) v·∂
∂LΔ v· v·g–( ) p∂
∂LΔ p pg–( ) r∂
∂LΔ r rg–( ) δA∂
∂L ΔδA+ + + +=
ΔM u∂
∂MΔ u ug–( ) u·∂
∂MΔ u· u· g–( ) w∂
∂MΔ w wg–( ) w·∂
∂MΔ w· w· g–( ) q∂
∂MΔ q qg–( ) δA∂
∂M ΔδA+ + + + +=
ΔN v∂
∂NΔ v vg–( ) v·∂
∂NΔ v· v·g–( ) p∂
∂NΔ p pg–( ) r∂
∂NΔ r rg–( ) δA∂









3.1.4 Reduced Linear Equations of Motion for Gust Penetration
The last of the core development is to form a reduced set of linear equations of motion which
will encompass a suite of five models studied in the research. Of the six equations, the two primary
equations of interests involve the terms  and . These equations describe the plunge and pitch
motion of an aircraft, and furthermore provide the largest contribution to the vertical acceleration
in the aircraft cabin. The remaining degrees of freedom do not excite the vertical motions of an air-
craft to a similar order of magnitude and response speed as  and . Therefore, the equations
involving , , , and  terms are neglected in this research. This effectively constrains the
aircraft to constant forward speed with no ability to translate sideways or rotate in roll and yaw.
The linear force and moment terms are introduced from Equation (3.1-65) and Equation (3.1-67)
with the full linearized equations Equation (3.1-59) and Equation (3.1-61). Their combination with
the above statement results in the following equations.
 (3.1-75)
 (3.1-76)
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The final assumption used in the theoretical development of the equations of motion will assume
that the aircraft simulation will be a controls fixed simulation. This implies that no control surface
inputs like a change in elevator, flap, or ailerons from trim will be made and thus  is set to zero.
Also, throttle settings are assumed fixed and thus  is set to zero.
For notational convenience, the  pre-symbol will be dropped from subsequent equations for
simplicity. Grouping the inertial and aerodynamic terms together and introducing the above mate-
rials provides the following formulation.
 (3.1-79)
 (3.1-80)
The last step is to take the Laplace Transform of Equation (3.1-79) and Equation (3.1-80). This
process will take the time domain differential equations and transform them into the frequency
domain where algebraic equations or transfer function formulations reside. Exploitation of this
efficient formulation is considered in this research. The initial condition terms of the transform
process are taken as zero . The equations rewritten in their final form are
Equation (3.1-81) and Equation (3.1-82).
 (3.1-81)
 (3.1-82)
3.2 Stability Derivative Definitions
To continue the theoretical development of the different simulations and models, intermediate




































w· uoq– g θosin( )θ+ Zw w wg–( ) Zw· w· w· g–( ) Zq q qg–( )+ +=
q· Mw w wg–( ) Mw· w· w· g–( ) Mq q qg–( )+ +=
w 0( ) q 0( ) wg 0( ) 0= = =( )
sw s( ) uoq s( )– g θosin( )θ s( )+ Zw w s( ) wg s( )–( ) Zw· s w s( ) wg s( )–( ) Zq q s( ) qg s( )–( )+ +=
sq s( ) Mw w s( ) wg s( )–( ) Mw· s w s( ) wg s( )–( ) Mq q s( ) qg s( )–( )+ +=
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grouping of known aerodynamic terms. These variables have been collected here in this section
and are used throughout the remainder of the simulation development. Further, aerodynamic
descriptions are usually provided by components along and normal to the airspeed velocity vector
as a function of angle of attack, which have to be transformed to the body axis components defined
in Equation (3.1-81) and Equation (3.1-82), which are a function of the downward velocity com-
ponent. Start by introducing the relationship of the aircraft’s moment of inertia  with the
radius of gyration  and the aircraft mass .
 (3.2-1)
Next, the mass parameter  is introduced.36 This parameter is a unit less, combined representa-
tion of several key aircraft characteristics including the aircraft weight , air density , air-
craft wing area , aircraft mean aerodynamic chord , acceleration due to gravity , and the
non-dimensional stability derivative relating the amount of lift due to the angle of attack .
The mass parameter will be used in the simplification of the model constants.
 (3.2-2)
In an effort to provide insight into the dynamic characteristics of the simulations, the dimen-
sional aerodynamic coefficients  are redefined in terms of non-dimen-
sional counterparts  with the inclusion of additional parameters.
The longitudinal parameters are non-dimensionalized with the aircraft mass and the aircraft
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The resulting body axis stability derivatives ,  must be related to stability axis sta-
bility derivatives ,  because the original data source is described in this manner (see
Table 2.3). A transformation matrix37 between the two sets of derivatives is developed rigorously




It can be shown that the contribution of drag terms, when compared to the magnitude of lift terms,
are negligible, and since the model is linearized about a high speed cruise condition where angle of
attack is small, the small angle approximation can be applied to Equation (3.2-9) through Equation
(3.2-11) for  to eliminate additional parameters. The following equations result from this simpli-




Substituting Equation (3.2-12) through Equation (3.2-14) into Equation (3.2-3), Equation (3.2-
4), and Equation (3.2-5) and simplifying the coefficients with Equation (3.2-1) and 
yields the following key equations. These relationships will be used throughout the remainder of
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CZα· CLα· αcos– CDα· αsin–=













In addition to the above equations, the following constants are introduced to aid in the simplifica-
tion of the mathematics.
 (3.2-21)
 (3.2-22)
3.3 Model 1 and 2 Development
The first two simulation models to be developed are the simplest of the proposed set. This
starting point for the model development is based on the prior work conducted by Dr. Roland
Bowles of AeroTech Research and will follow a natural progression of complexity as model fidel-
ity increases up to the final development of Model 5. Both models can be developed using the
same initial steps, and separated at the end by zeroing out the moment stability derivative .
The development begins with the previously defined reduced linear equations of motion for gust
penetration, Equation (3.1-81) and Equation (3.1-82). The assumptions for Models 1 and 2 are
listed in Table 3.1. Both models eliminate the effects of pitch rate gust in the plunge-pitch dynam-
ics  and the inertial plunge acceleration in the vertical axis . Also, the trim pitch



































qg 0=( ) Zw· 0=( )
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. Although in Table 2.2 the value is nonzero, it is small and when it is multiplied by the
small perturbation , the product is considered negligible.
Equation (3.1-81) and Equation (3.1-82) are rewritten given the above assumptions to deter-
mine the following relationships.
 (3.3-1)
 (3.3-2)
For convenience, Equation (3.3-1) and Equation (3.3-2) are placed into matrix form.
 (3.3-3)
To determine the aircraft response, Cramer’s Rule38 is applied to solve for the transfer functions
 and  simultaneously. This process will uncouple the equations and put the force and
moment equations into a form where the vertical gust is the only input to the system.
 (3.3-4)
Table 3.1 Model 1 and Model 2 Assumptions
Model 1 Model 2
θo 0=( )
θ
Zw· 0= Zw· 0=
Mw· 0= Mw· 0≠
qg 0= qg 0=
θo 0= θo 0=
s Zw–( )w s( ) uo Zq+( )q s( )– Z– wwg s( )=
Mw Mw· s+( )w s( )– s Mq–( )q s( )+ Mw Mw· s+( )wg s( )–=
s Zw– uo Zq+( )–














Zw– uo Zq+( )–
Mw Mw· s+( )– s Mq–
s Zw– uo Zq+( )–
Mw Mw· s+( )– s Mq–
--------------------------------------------------------------------=
Zw– Mw· uo Zq+( )–( )s ZwMq Mw uo Zq+( )–( )+




The above equations will be simplified with the following variables.
 (3.3-6)
Equation (3.3-4) and Equation (3.3-5) are rewritten with the substitution of Equation (3.3-6).
 (3.3-7)
 (3.3-8)
However, the acceleration response due to atmospheric gust is the focus of this thesis. The
body z axis inertial acceleration (positive down) of the aircraft mass center due to plunge gust
velocity is defined in Equation (3.3-9).
 (3.3-9)
Substitute Equation (3.3-7) and Equation (3.3-8) into Equation (3.3-9).
 (3.3-10)






Mw Mw· s+( )– Mw Mw· s+( )–
s Zw– uo Zq+( )–
Mw Mw· s+( )– s Mq–
---------------------------------------------------------------------------=
Mw·–( )s2 Mw–( )s+
s2 Zw– Mq– Mw· uo Zq+( )–( )s ZwMq Mw uo Zq+( )–( )+ +
--------------------------------------------------------------------------------------------------------------------------------------------=
A 0=
B Zw– Mw· uo Zq+( )–=
































0s3 Zw– ZqMw·–( )s2 ZwMq ZqMw–( )s+ +
s2 Zw– Mq– Mw· uo Zq+( )–( )s ZwMq Mw uo Zq+( )–( )+ +
--------------------------------------------------------------------------------------------------------------------------------------------=
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For additional future simplification, factor the stability derivative  from the numerator to cre-
ate Equation (3.3-12).
 (3.3-12)
Define the model coefficients  in terms of the aircraft dimensional stability
derivatives and the trim airspeed using Equation (3.3-13).
 (3.3-13)
Equation (3.3-12) is rewritten into a standard simplified form by substituting Equation (3.3-13).
 (3.3-14)
The final parameter of interest in the simulation model development is the aircraft’s normal
load that is generated in response to a vertical gust disturbance. The change in normal load in units
of g’s from a zero g trim condition is defined in Equation (3.3-15).
 (3.3-15)
Equation (3.3-15) is rewritten into its final common form by substituting the relationship in Equa-
tion (3.3-14) and using Equation (3.2-21).
 (3.3-16)
Equation (3.3-16) is now in a form that could be implemented in a simulation to produce an esti-
mate of aircraft mass center acceleration due to an input vertical gust. However, the coefficients













⎛ ⎞ s+ +
s2 Zw– Mq– Mw· uo Zq+( )–( )s ZwMq Mw uo Zq+( )–( )+ +
--------------------------------------------------------------------------------------------------------------------------------------------=










λ1 Zw– Mq– Mw· uo Zq+( )–=




η3s3 η2s2 η1s+ +












η3s3 η2s2 η1s+ +
s2 λ1s λ0+ +
------------------------------------------=
λ0 λ1, η1 η2 η3, ,
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from Section 3.2 will be applied to Equation (3.3-16) to determine the form of the coefficients for
the simulation models.






Model 1 coefficients can be simplified from Equation (3.3-17) through Equation (3.3-21) by






3.4 Model 3 Development
The next simulation model is a more advanced version of Model 2. This model includes the
pitch gust term in the moment equation but not in the force equation. Like Models 1 and 2, the
development begins with the previously defined reduced set of linearized equations of motion for
gust penetration, Equation (3.1-81) and Equation (3.1-82). The assumptions for Model 3 are listed













































































































































and retains partial effects from pitch rate gust (  moment equation only). As before, the trim
pitch angle is assumed zero, .
Equation (3.1-81) and Equation (3.1-82) are rewritten given the above assumptions to deter-
mine the following relationships.
 (3.4-1)
 (3.4-2)
Model 3 introduces the new term  which includes the gust penetration effects on the pitching
moment. Equation (3.4-3)8 defines the relationship of  to the time derivative of the vertical
gust  and trim airspeed.
 (3.4-3)
For convenience, Equation (3.4-1) and Equation (3.4-2) with substitution from Equation (3.4-3)
are placed into matrix form.
 (3.4-4)











s Zw–( )w s( ) uo Zq+( )q s( )– Z– wwg s( )=
Mw Mw· s+( )w s( )– s Mq–( )q s( )+ Mw Mw· s+( )wg s( )– Mqqg s( )–=
qg s( )
qg s( )






---- wg s( )= =
s Zw– uo Zq+( )–




Mw Mw· Mq uo⁄–( )s+( )–
wg s( )=
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To determine the aircraft response, Cramer’s Rule is applied to solve for the transfer functions
 and  simultaneously. This process will again uncouple the equations and put the force
and moment equations into a form where the vertical gust is the only input to the system.
 (3.4-5)
 (3.4-6)
The above equations have the same structure as in Equation (3.3-7) and Equation (3.3-8) and will
be simplified with the following variables.
 (3.4-7)
Using Equation (3.3-10), substitute the letter coefficients from Equation (3.4-7) to show
explicitly the stability derivatives in the body z axis inertial acceleration of the aircraft.
 (3.4-8)
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Mw Mw· s+( )– s Mq–
-------------------------------------------------------------------------------------------------------=
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--------------------------------------------------------------------------------------------------------------------------------------------=
A 0=
B Zw– Mw· uo Zq+( )– Mq ZqMq uo⁄+ +=
C ZwMq Mw uo Zq+( )–=
D Mw·– Mq uo⁄+=
E Mw– ZwMq uo⁄–=
F 0=




0s3 Zw– Mw·– Mq uo⁄+( )Zq+( )s2 2ZwMq ZqMw–( )s+ +





The model coefficients  are defined in terms of the aircraft dimensional stability
derivatives and the trim airspeed using Equation (3.4-10).
 (3.4-10)
Equation (3.4-9) is rewritten into a standard simplified form by substituting Equation (3.4-10).
 (3.4-11)
The final parameter of interest in the simulation model development is the aircraft’s normal
load that is generated in response to a vertical gust disturbance. Equation (3.4-11) is rewritten into
its final common form by substituting the relationship in Equation (3.3-15) and Equation (3.2-21).
 (3.4-12)
Equation (3.4-12) is now in a form that could be implemented in a simulation to produce an esti-
mate of aircraft mass center acceleration due to an input vertical gust. However, the coefficients
 and  will need to be written in terms of non-dimensional coefficients. Equations
from Section 3.2 will be applied to Equation (3.4-12) to determine the form of the coefficients for
the simulation model.
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3.5 Model 4 and 5 Development
The final two simulation models to be developed use the same initial steps and may be sepa-
rated at the end by zeroing out the longitudinal stability derivative . Like the previously gener-
ated models, the development begins with the defined, reduced set of linearized equations of
motion for gust penetration, Equation (3.1-81) and Equation (3.1-82). The assumptions for Models
4 and 5 are listed in Table 3.3. Both models retain the full effect of the pitch rate gust in both the
plunge force and pitch moment dynamics . However, Models 4 and 5 differ by neglecting
and accounting for the effect of plunge acceleration in the vertical force (  respec-
tively). Non-zero trim pitch angle is again neglected, .
Equation (3.1-81) and Equation (3.1-82) are rewritten given the above assumptions.
 (3.5-1)
 (3.5-2)
Table 3.3 Model 4 and Model 5 Assumptions

















































































Zw· 0= Zw· 0≠,
θo 0=
Zw· 0= Zw· 0≠
Mw· 0≠ Mw· 0≠
qg 0≠ qg 0≠
θo 0= θo 0=
1 Zw·–( )s Zw–( )w s( ) uo Zq+( )q s( )– Zw Zw· s+( )wg s( )– Zqqg s( )–=
Mw Mw· s+( )w s( )– s Mq–( )q s( )+ Mw Mw· s+( )wg s( )– Mqqg s( )–=
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As in Section 3.4, Models 4 and 5 introduce the relationship between  and . Equation
(3.4-3) is substituted into Equation (3.5-1) and Equation (3.5-2).
 (3.5-3)
 (3.5-4)
For convenience, Equation (3.5-3) and Equation (3.5-4) are placed into matrix form.
 (3.5-5)
To determine the aircraft response, Cramer’s Rule is applied to solve for the transfer functions
 and  simultaneously. This process will uncouple the equations and put the force and
moment equations into a form where the vertical gust is the only input to the system.
 (3.5-6)
 (3.5-7)
The above equations will be simplified with the following variables.
w· g s( ) qg s( )
1 Zw·–( )s Zw–( )w s( ) uo Zq+( )q s( )– Zw Zw· Zq uo⁄–( )s+( )wg s( )–=
Mw Mw· s+( )w s( )– s Mq–( )q s( )+ Mw Mw· Mq uo⁄–( )s+( )wg s( )–=
1 Zw·–( )s Zw– uo Zq+( )–
Mw Mw· s+( )– s Mq–
w s( )
q s( )
Zw Zw· Zq uo⁄–( )s+( )–
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Mw Mw· s+( )– s Mq–
-----------------------------------------------------------------------------------------------=
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1 Zw·–( )s Zw– Zw Zw· Zq uo⁄–( )s+( )–
Mw Mw· s+( )– Mw Mw· Mq uo⁄–( )s+( )–
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---------------------------------------------------------------------------------------------------------=
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Using Equation (3.3-10), substitute the letter coefficients from Equation (3.5-8) to show the
stability derivatives in the body z axis inertial acceleration of the aircraft.
 (3.5-9)
For additional simplification, factor the stability derivative  from the numerator and 
from the denominator to create Equation (3.5-10).
 (3.5-10)
The model coefficients  are defined in terms of the aircraft dimensional stability
derivatives and the trim airspeed using Equation (3.5-11).
 (3.5-11)
Equation (3.5-10) is rewritten into a standard simplified form by substituting Equation (3.5-11).
 (3.5-12)
A Zw· Zq uo⁄–( )–=
B Zw– Mw· uo Zq+( )– Mq 1 Zw·+( )+=
C ZwMq Mw uo Zq+( )–=
D Mw· 1 Zq uo⁄–( )– 1 Zw·–( ) Mq uo⁄( )+=
E Mw 1 Zq uo⁄–( )– ZwMq( ) uo⁄–=
F 0=
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The final parameter of interest in the simulation model development is the aircraft’s normal
load that is generated in response to a vertical gust disturbance. Equation (3.5-12) is rewritten into
its final common form by substituting the relationship in Equation (3.3-15) with Equation (3.2-22).
 (3.5-13)
Equation (3.5-13) is now in a form that could be implemented in a simulation to produce an esti-
mate of aircraft acceleration due to an input vertical gust. With the final development of Equation
(3.5-13), a non-zero value for  is now present. The system transfer function represented, under
the assumptions of a quasi-static aerodynamic model, is improper and therefore an atypical repre-
sentation of a real aircraft. The system now will respond impulsively to an atmospheric encounter
with sharp discontinuities, which is not possible within real flight where a dynamic aerodynamic
model is present. However, the assumptions made for this research indicate a static aerodynamic
model and the form of Equation (3.5-13) is acceptable for continued analysis. Coefficients 
and  will need to be written in terms of non-dimensional coefficients. Equations from
Section 3.2 will be applied to Equation (3.5-13) to determine the form of the coefficients for the
simulation models.






Model 4 coefficients can be simplified from Equation (3.5-14) through Equation (3.5-18) by
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3.6 Aircraft Center Line Response
One of the key comparison points for the simulations being developed and tested is the predic-
tion of the normal loads throughout the cabin of a rigid body aircraft. NASA B-757-200 flight test
data will be used for the comparative analysis where additional load data for three accelerometers
located in the forward, center, and aft portions of the cabin is provided. A technique must be devel-
oped to extend the predicted loads at the simulated center of gravity to another point along the
rigid aircraft center line.
To do this, begin with the general form of the model transfer function with the coefficients
defined as before for each model individually.
 (3.6-1)
The normalized acceleration of a point along the aircraft’s center line is defined by Equation (3.6-
2). The new variable  is the distance to the sensing point along the longitudinal axis of the air-
craft relative to the center of gravity where the load datum is to be calculated. Note that 
denotes a location forward of the center of gravity in the simulation model.
 (3.6-2)
Equation (3.6-2) is rewritten in the  domain to represent accelerations of the rigid body at any
point along the center line of the aircraft as a function of center of gravity acceleration and pitch
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For simplification purposes, the second term of Equation (3.6-3) will be written in terms of
non-dimensional coefficients and placed into a form that will be compatible with Equation (3.6-1).
 (3.6-4)
For Models 4 and 5, use the coefficients from Equation (3.5-8).
 (3.6-5)
Factor the stability derivative  from the numerator and  from the denominator to create
Equation (3.6-6). The coefficients  and  are defined previously in Equation (3.5-11).
 (3.6-6)
Additional coefficients are defined for simplification purposes containing non-dimensional stabil-
ity derivatives. Equation (3.6-7) and Equation (3.6-8) represent the correct coefficients for Models
4 and 5. Model 4 coefficients may be determined by setting .
 (Models 4, 5)  (3.6-7)
 (Models 4, 5)  (3.6-8)
Equation (3.6-6) is rewritten into a compatible form with the previously defined models as
shown in Equation (3.6-9).
 (3.6-9)
Equation (3.6-9) is substituted into Equation (3.6-3) and simplified to yield Equation (3.6-10)
 (3.6-10)
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η3′s3 η2′s2 η1s+ +
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where new coefficients are now defined in Equation (3.6-11).
 (3.6-11)
Substituting the appropriate terms for coefficients  and , the normal load can be calculated at
a general station on the aircraft center line for any of the five simulation models. The above form is
what has been implemented in the computer code written for the analysis work of this thesis.
Presented above is the development of the along center line calculation for Models 4 and 5.
Due to the arrangement of the  equation for each model, individual forms of the coefficients
result for the different groups of models. Through a similar method, coefficients  and  for
Model 3 are presented in Equation (3.6-12) and Equation (3.6-13). Coefficients  and  for
Models 1 and 2 are presented in Equation (3.6-14) and Equation (3.6-15). Model 1 coefficients
may be determined by setting .
 (Model 3)  (3.6-12)
 (Model 3)  (3.6-13)
 (Models 1, 2)  (3.6-14)
 (Models 1, 2)  (3.6-15)
Note, if , then  and . Equation (3.6-10) now simplifies back to the basic
form for any of the models. For  and assuming positive  and , the loads will
increase in the rear of the aircraft and decrease toward the cockpit.
As mentioned above, the load datum point  may be used to determine the normal load at any
point along the aircraft center line relative to the center of gravity location. To calculate the load
datum, the concept of the balance arm is introduced. The balance arm is a measure in inches from
the reference origin of the balance reference system of an aircraft structure with positive direction































































⎛ ⎞ 2μ( )CMα–
CLα
-------------------------=
d 0= η3′ η3= η2′ η2=
d 0< Δncg s( ) q s( )
d
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located 159 in forward of the airplane nose. Other required constants are the length of the mean
aerodynamic chord (mac), a distance of 199.7 in, and the location of the leading edge of the mac
which is 991.9 in. With this information and given a datum location with respect to the mean aero-
dynamic chord, the corresponding balance arm position may be determined from the following
equation.39
 (3.6-16)
Equation (3.6-16) is utilized to compute the load datum variable  for two reasons. First, the
center of gravity accelerometer utilized in a flight test cannot be located precisely at the center of
gravity due to practical constraints. Second, the center of gravity changes with the test condition
setup and with fuel burn. Therefore, instead of assuming that when , the simulation will
make an accurate estimate of  at the center of gravity for comparison to flight data, an improve-
ment of that estimate can be obtained by accounting for the actual location of the accelerometers
inside the B-757-200 test aircraft. Data for the accelerometer locations35 in the balance reference
system are listed in Table 3.4. Applying the values in this table with Equation (3.6-16) will yield
the appropriate values for the load datum to estimate values of  at the physical locations of the
accelerometers on the B-757-200 test aircraft.
For example, if the test condition setup has the aircraft center of gravity at 18% mac, the calculated
balance arm for the center of gravity would be . Calculating the value of  at the
center accelerometer location, its balance arm location  is subtracted from the cg
balance arm yielding  in. Although in flight the center of gravity is con-
stantly changing due to fuel burn, it will remain fixed for the studies herein.
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3.7 Discrete Open-Loop Simulation Development
The airframe model developed in the previous sections and represented by the reduced linear
equations of motion and normal load response equation is a continuous system. This continuous
system is represented by the block diagram in Figure 3.1 and corresponds to Equation (3.6-10). A
discrete interpretation of the system shall be developed that will cover the variety of aircraft mod-
els. For model comparisons with the recorded flight test data and implementation with a digital
computer, the simulation should approximate sampled discrete data.
Figure 3.1 Continuous Open-Loop System
A zero-order hold40 was first applied to the dynamic system to synthesize a discrete system
that will approximate a continuous system. Although successful with Models 1, 2, and 3, a zero-
order hold could not accommodate a cubic term in the numerator resulting from the introduction of
 in the force equation while having a quadratic term in the denominator. In other words, model-
ing the full gust penetration effects leads to a non-causal or non-proper system. To remedy this
problem, a triangular (also known as trapezoidal) hold40 sampling procedure was applied to the
continuous airframe system  defined earlier in Equation (3.6-10). The new discrete system
is represented by Figure 3.2. In this figure above,  is the time step  of the simulation and the
sampling frequency is defined as  leading to  for . The z transform40
 is introduced to modify the airframe system from the  domain to the  domain. The
sample and triangular hold component shown in Figure 3.2 therefore becomes Equation (3.7-1).
 (3.7-1)
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Therefore, the complete system equation is written as Equation (3.7-2).
 (3.7-2)
Figure 3.2 Expanded Discrete Open-Loop System
Next, Equation (3.6-10) is rewritten in a more standard second-order response form by rede-
fining the coefficients  and . This step facilitates computation of . The
undamped natural frequency  in rad/s and the damping ratio  are introduced with respect
to  and .
 (3.7-3)
Equation (3.6-10) may now be written as Equation (3.7-4).
 (3.7-4)
Equation (3.7-4) is reorganized into a form more suitable for z transform tables by letting 
and .
 (3.7-5)
Combining Equation (3.7-5) with Equation (3.7-2), the result is separated by partial fractions
expansion into a usable form that is compatible with standard z transform tables.
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To transform , use the components above in the following transforms.40
 (3.7-7)
 (3.7-8)
In addition to Equation (3.7-7) and Equation (3.7-8), an additional z transform is required. Equa-
tion (3.7-9) was developed to assist in the break-down of  into .
 (3.7-9)
Combining Equation (3.7-7) through Equation (3.7-9) with Equation (3.7-6), simplifying, and
grouping like terms on both sides of the equation yields Equation (3.7-10).
 (3.7-10)
Equation (3.7-10) is placed into a more usable format for FORTRAN programming by applying
the z transform Shifting Theorem,40 summarized below.
 (3.7-11)
Apply this shift to individual normal load and vertical gust variables appearing in Equation (3.7-
10).
 (3.7-12)
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Note that the  and  subscripts imply the sampling index.
Equation (3.7-10) now simplifies down to the following form that can be easily implemented
into a digital computer program routine.
 (3.7-13)






3.8 Continuous Open-Loop Simulation Development
An existing simulation technique uses a state-space representation of the aircraft transfer func-
tion to calculate a result such as normal load. This technique will be used to validate in some
sense, the discrete techniques given in Section 3.7. Described in Reference 41, a transfer function
of the following form may be realized with state-space matrices , , , and .
 (3.8-1)
Of the many canonical state-space realization forms available to represent a dynamic system
model (controllable, observable, diagonal, Jordan, etc.), the method selected for this work is the
controllable canonical form for its ease of use, implementation capability, common acceptance,
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and the fact that only one predetermined state-space representation of the transfer function is pos-
sible instead of an infinite variety of forms found with many other techniques. A simple mapping
of the transfer function parameters is available using the controllable canonical form. Unfortu-
nately, a literature review indicates that no standard techniques are available that will work for the
system model developed for Models 4 and 5 because of the non-proper nature of the transfer func-
tion (cubic in the numerator and quadratic in the denominator, ). The resulting state-space
form of a proper transfer function for  is described below.
Given Transfer Function:  (3.8-2)
Equivalent State-Space:  (3.8-3)
 (3.8-4)
The resulting , , , and  state-space matrices are formed and are written in a compatible
form to Models 1 through 3 .
 (3.8-5)
With the state-space matrices formed, considerable insight into the internal dynamic structure
and behavior of the aircraft model can be gained. Computational advantages also exist with this
formulation. Because of the direct transform nature of the above described technique, it would be
expected that the resulting normal load for an input wind series would be similar for both the con-
tinuous and discrete open-loop models. Presented in Figure 3.3 is a time history trace of the mod-
eled aircraft experiencing turbulence from the discrete vortex wind field documented in Section 2
for the R191-06 trim condition. The continuous state-space model response is solved here by using
m n>
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a built-in MATLAB linear state-space integration technique. As shown, the traces of the two dif-
ferent implementations of the same model (Model 2) are equivalent. This result provides valida-
tion for the discrete open-loop simulation implementation.
Figure 3.3 Comparison of Continuous and Discrete Simulation Implementations
The primary drawback of the simulation technique presented here is the limitation for han-
dling more complex system models like Models 4 and 5 which account for higher order gust pene-
tration effects. Because of the this, the continuous open-loop simulation will not be included in
further analysis.
3.9 Continuous Closed-Loop Simulation Development
The final type of simulation used in this research and available from AeroTech Research is a




























calculation of the response of a linear system to an input or forcing function. The convolution of
two functions has the following mathematical structure shown in Equation (3.9-1).
 (3.9-1)
Figure 3.4 also presents the relationship of the two functions graphically. The function  is
commonly referred to as the impulse response function of the continuous system. In this applica-
tion, the system is a closed-loop system where  corresponds to the closed-loop impulse
response function.
Figure 3.4  Continuous Closed-Loop System
A digital computer friendly form of the convolution integral is presented below.42
 (3.9-2)
To be physically reliable, the system can only respond to past inputs and no knowledge is available
before the start of the system input, e.g. for  then . Therefore, for a physical system
the lower limit of integration is determined to be zero.43 Also, a system is limited to the smallest
sample rate  present in the two parts of the integral.
Although not particularly popular in the modern era of aircraft simulation, the convolution
integral can calculate the response of a system for any input given the impulse response of an air-
frame system. Even though the impulse response is used in the raw calculation, it is the actual geo-
metric shape of the step response that determines the system response behavior.42 If the impulse
response function contains all the information related to an aircraft’s normal load response to tur-
bulence, including the control system, then a time history trace can be determined on how that air-
craft will behave when exposed to such a wind field. The available convolution integral, although
elegant, is only applicable to the center of gravity normal load and cannot calculate the distributed
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cabin load effects. It is theoretically possible however to account for these effects by incorporating
a pitch impulse response transfer function with the system model.11 Unfortunately, closed-loop
pitch rate impulse response functions are unavailable for the AeroTech Research collected data.
Therefore, the continuous closed-loop systems will only be considered for analysis when focusing
on the normal load at the center of gravity. 
The benefit of the convolution integral based simulation is the ability to predict normal load-
ing of any given aircraft for any specific turbulence or gust without constructing a fully developed
simulation of the said aircraft. All that is required is the aircraft impulse response to turbulence.
AeroTech Research has developed a method to collect these responses for a variety of trim condi-
tions for several aircraft types (all Part 121) and formulate the impulse response. The NASA Lan-
gley B-757-200 simulator was subjected to vertical gust disturbances and the recorded normal load
time history was reprocessed to produce a clean step response for each tested trim condition.
Response curves were collected for a variety of altitudes (5,000 to 40,000 ft in increments of 5,000
ft), weights (160,000 to 230,000 lbf in increments of 10,000 lbf), and center of gravity positions
(10%, 14%, and 18% mac) all within the flight envelope of the aircraft. Because the response
curves were collected with the full auto-pilot system engaged (altitude, speed and heading hold), a
simulation using this data, although not allowing for additional control inputs, accounts for the
original control system effects.11 As an example of these responses, consider the normal load
response of the B-757-200 at a nominal cruise trim condition. Figure 3.5 represents a typical tem-
poral response of the B-757-200 to a 3 m/s vertical step gust (described in Section 2.2.2). Figure
3.6 illustrates a typical center of gravity normal load (root) power spectrum response of the B-757-
200 due to vertical gust. This characteristic response curve is created by calculating the spectral
response using fast fourier transforms for the load and vertical wind time histories. The closed-
loop continuous simulation is based on data of this sort. However, the corresponding algorithms
and simulation code are not included here due to AeroTech Research intellectual property rights.
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Figure 3.5 B-757-200 Center Station Normal Load Response to a Vertical Step Gust




















































Unlike the previous models developed, the continuous closed-loop simulation does not explic-
itly use inputs of weight, speed, and altitude.11 The response function itself has captured this infor-
mation in its geometric form. Each response function collected is dependent directly on the flight
condition of the B-757-200 data collected. Because of the original collection constraints, only a
limited grid about the aircraft’s flight envelope was obtained. Preliminary analysis showed that the
change from one flight condition to another was small when reviewing the time history traces of
the step response curves.
For this research work, trim conditions and some aircraft response curves were needed at loca-
tions other than those previously collected by AeroTech Research. A three-dimensional interpola-
tion technique has been developed to generate the desired response curve from the surrounding
eight response curves. As a call is made to this FORTRAN subroutine, different checks are per-
formed to determine the closest neighboring response curves and indexes the stored array to setup
the interpolation or extrapolation. Figure 3.7 illustrates the makeup of the response curve interpo-
lation for a selected portion of the larger possible flight envelope grid. Implementation and verifi-
cation of this technique was performed with excellent results produced. The new interpolation
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technique allows an accurate representation for each trim condition and favorable comparisons can
now be made with the other simulation techniques.
Figure 3.7 Three-Dimensional Interpolation of Aircraft Response Data
As an example, a test case was used to verify the implementation and process behind the inter-
polation technique. Using the flight condition associated with R191-06, a unit response of the B-
757-200 was determined using the interpolation technique and compared with response data col-
lected at the same condition from the NASA B-757-200 simulator by AeroTech Research. Figure
3.8 shows the comparison between the two aircraft response curves. A critical point in the compar-
ison is the initial peak experienced by the aircraft due to the unit gust encounter. Through experi-
ence, it has been determined that the magnitude of this peak is key to calibrating the proper
response of the continuous closed-loop simulation encountering atmospheric turbulence. As the
motions settle down, the differences between the two curves increases, but may be explained. The
truth data used for the comparison was collected by AeroTech Research at a later point in time than
the original “full matrix.” This resulted in the two data collections not being conducted in a per-
fect, consistent manner. Slight changes or upgrades to the simulator were made during this



















angle of attack. These differences however do not have a significant impact on the final result of
the continuous closed-loop simulation experiencing turbulence.
Figure 3.8 Interpolated Aircraft Response Function Comparison
An interpolation of airspeed has also been developed for the off-nominal conditions used in
the flight test data. Figure 3.9 illustrates the collected simulator speeds and the curve that has been
fit to generate a piecewise speed function. The result of the data fit produces an equation set that
determines the airspeed of the B-757-200 for any altitude  given turbulent penetration speed









































) Interpolated Aircraft Response
NASA B-757-200 Simulator
Key Comparison Point:
Peak Matched Truth Within 0.1%
Unit Step Gust Input
Center Acceleration Station
h( )
h 10000 ft< uo 138.0721 m/s=
10,000 ft h≤ 30,875 ft< uo 2.81266
8–×10 h2 1.89093 3–×10 h 150.151 m/s+ +=
h 30,875 ft≥ uo 7.95659
8–×10 h2 6.20804 3–×10 h 351.171 m/s+–=
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Note that the crossover point on the curve is different for every aircraft type. For the B-757-200,
the crossover from 290 kts indicated airspeed to Mach 0.78 occurs at 30,875 ft and can be deter-
mined by calculating the point where the Mach curve adjusted for altitude intercepts the true air-
speed curve for the aircraft.
Figure 3.9 Speed Curve for B-757-200
138.0721
y = 2.81266E-08x2 + 1.89093E-03x + 1.50151E+02
R2 = 9.99997E-01
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Disturbance excitations required for proof of concept presented in Section 2 include detailed
test cases for both implementation purposes and the characteristic wind fields required for the final
comparison of the different model simulation capabilities to predict a rigid body acceleration
response to atmospheric disturbances. Initial test cases consist of common, known response wind
fields and theoretical wind fields that test the high frequency response of the simulations. The
flight data test cases involve the use of high frequency, high fidelity wind fields derived from mea-
surement data collected aboard the NASA B-757-200 ARIES as vertical wind inputs to the simula-
tions. Each simulation response will be analyzed, providing explanations underlying the
correlations and discrepancies between the different models. Results are presented for an absolute
(number to number) comparison and a relative (percent difference) comparison. Figures depicting
the response of the simulations to wind fields are also included for review. The continuous open-
loop simulation will not be included in the following discussions because of the information pre-
sented in Section 3.8. All simulations presented in this section utilize a sample frequency of 50 Hz
and the wind excitation signals are applied at  to offset the initial vehicle response from
the first two time steps.
Several tools are used in the following sections that are common to each wind field analysis.
The first is a FORTRAN based simulation code that implements all of the techniques developed in
Section 3. A FORTRAN 1.0 complier was used in the testing of all the results presented herein. In
addition to the FORTRAN simulation tool, several statistical calculations are also used for diag-
nostic as well as analysis purposes. The standard deviation of a complete time response series is
one of the statistical calculations performed on the simulation output data, and is shown in Equa-
tion (4.0-1). This expression is the common method of determining the root mean square of the
t 0.04 s=
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data series where  denotes the  data point,  denotes the total number of data points of the
sample, and an over bar denotes the mean value which is computed according to Equation (4.0-2).
 (4.0-1)
 (4.0-2)
This calculation is also expanded to include a running window based standard deviation calcula-
tion. This procedure has been used in past studies and has proven to be a valuable metric when
analyzing turbulence responses of an aircraft. A continuous form of this calculation is shown in
Equation (4.0-3). The constant  designates the size of the sliding window in seconds.
 (4.0-3)
An additional statistical calculation is the percent difference of two numbers, which is determined
in this work by Equation (4.0-4).
 (4.0-4)
4.1 Response to Zero Wind
The zero wind field is used as a benchmark point for testing the developed models and their
implementation into the FORTRAN simulation tool. The expected result for all models is that a
zero input in the vertical wind will produce a zero result in the normal load response of the aircraft
model. This technique was used to determine any coding errors and transients that were in place
during the development portion of this research. As expected, for each of the models, no response
in normal acceleration was observed with a zero magnitude input for vertical wind. No plots or
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4.2 Response to Step Gust
The vertical step gust wind field is one of the simplest forms of disturbances to elicit a closed-
form theoretically predictable response from the aircraft simulation models. The step gust also
provides a unique study point for the model responses because of the dynamic behavior being
modeled. For each of the wind field conditions previously described (see Table 2.1 and 2.2), there
is an associated trim condition for the B-757-200. Using these trim conditions, the response of
each model is calculated with a 3 m/s magnitude step gust wind field as the input. Figure 4.1
shows the typical response of a simulation model at the center of gravity or center station to this
step gust.
Figure 4.1 Model 3 Response to a Step Gust
 The response of Model 3 is inactive until the precise moment the input becomes non-zero
. The sudden increase in positive down wind with a near infinite slope instantaneously
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fuselage station. The response behavior after the initial onset is characterized by a damped oscilla-
tory vehicular motion where the simulation model approaches a zero steady state condition as the
vehicle adjusts its angle of attack and pitch trim to fly in the new constant vertical wind field. This
motion will typically last between five and ten-seconds and is often called the short period motion
of the aircraft. The zero steady state condition can be correlated to the zero numerator root appear-
ing in the  transfer function for Model 3 in Equation (3.4-12). For this Model 3 transfer
function, also note that coefficient  is zero (see Equation (3.4-13)), leading to a proper system
with a direct feed from  to . This feature is the origin of the instantaneous response at
 in Figure 4.1. A theoretical prediction of the initial maximum peak experienced by the
aircraft model is available from Equation (3.4-12) using the initial value theorem and is shown in
Equation (4.2-1). Note parameter  is given by the addition of  and a combination of dimen-
sionless grouped parameters (see Equation (3.4-14)). Numerical calculation reveals that
 indicating the second term is small and negligible. Therefore,  can be
accurately estimated by Equation (4.2-2). This formula is commonly called the Sharp Edge Gust




The variable  represents the magnitude of the step input and in the case of the results presented
is 3 m/s. The other variables are determined by the trim condition used with each simulation model
(see Table 2.2). The form of Equation (4.2-2) does not permit an estimate for acceleration at sta-


















For the step gust wind field, seven results corresponding to seven trim conditions may be
determined for each simulation model type (including the continuous closed-loop simulation). A
typical response set for the R191-06 trim condition is shown in Figure 4.2. This figure enlarges the
typical response shown in Figure 4.1 and illustrates the six simulation models for the first few sec-
onds of the response. For each of the traces shown, each model follows one another in a consistent
manner except the initial reactions of Models 4 and 5. The initial onset of the step gust causes an
impulse in these linear responses and thereby creates an initial negative up acceleration. Models 4
and 5 are fundamentally different from the other models in that they incorporate the full gust pene-
tration effect from  in both the force and moment equations. Specifically, Models 4 and 5
assume a non-zero  signal in the force expression in Equation (3.5-1) which results in the non-
zero numerator cubic term  in Equation (3.5-9) and a non-zero parameter  (see Equation
(3.5-13)). These features lead to a non-proper, non-causal transfer function relationship between
 and , leading to the impulse.












































To understand the gust penetration effect and mechanism underlying the initial upward
impulse in Figure 4.2, consider Figure 4.3. As the aircraft penetrates a vertical wind gradient, the
forward and aft stations experience different winds which can be interpreted as a rotational gust
. This rotational wind can be approximated from the change in position  and change in
vertical gust  occurring during the time interval  as indicated in Figure 4.3. In the limit,
 becomes directly proportional to the gust derivative  (see Figure 4.3 or Equation (3.4-3)).
Observe that the geometry requires a negative  from a positive . When the vehicle penetrates
an idealized step gust, the gradient is infinite and the signals  or  become impulse excitations.
Figure 4.3 Gust Penetration Physics
Next, focus on the transmission path from  to . After examining Equation (3.4-3), Equa-
tion (3.1-81), and Equation (3.3-9), the transmission path from  to  can be summarized below
in Figure 4.4.
Figure 4.4 Vertical Wind Transmission Path to Body Axis Vertical Acceleration
Penetration into a positive step gust  leads to a negative impulsive pitch gust . This impulse
passes through the stability derivative  with a sign reversal, yielding a negative upward velocity
qg( ) Δx( )




























wg w· g qg w· az
 + + - - -
Step Impulse Impulse Impulse Impulse
td
d  ( ) 1
uo
----–  ( ) Zq  ( )– 1  ( )




derivative impulse  of the airframe, ultimately manifesting into an impulsive acceleration 
with negative value or in an upward sense. Therefore, the initial negative impulse appearing in
Figure 4.2 for Models 4 and 5 depend on the airframe lift due to pitch rate characteristics, but ulti-
mately originates from the rotational wind generated over the short duration when the aircraft for-
ward stations have penetrated the step gust while the aft stations have not. Under the assumptions
of Section 3 (quasi-static aerodynamics), Models 4 and 5 accurately portray the true motion phys-
ics while the other models do not. This higher fidelity gust penetration model is often ignored even
in sophisticated non-linear flight simulators. On the other hand, inclusion of the full gust penetra-
tion behavior may be unnecessary since this ultra-short duration transient may not even be measur-
able or detectable by mechanical or tactile sensors due to lags, delays, thresholds, and other
effects.
These observations hinder and make difficult response behavior comparisons between Models
1, 2, and 3 with Models 4 and 5 in this subsection and others to follow. For example, results in Fig-
ure 4.2 could be interpreted to mean Models 1, 2, and 3 are deficient in fidelity if attention is given
to the initial impulse transient, or lack thereof. An opposing interpretation could be that Models 4
and 5 are deficient because they generate transients that are theoretical or unmeasurable. Yet
another interpretation of Figure 4.2 could be that Models 1, 2, 3, 4, and 5 are all in close agreement
when the initial direct feed through behavior (predicted peak) is emphasized. These comments
should be considered when evaluating the relative behavior between Models 1, 2, and 3 and Mod-
els 4 and 5.
 The values listed in Table 4.1 contain the maximum peak value observed from each simula-
tion for each of the wind field trim conditions. Table 4.1 also includes the theoretical predicted
maximum peak acceleration for a 3 m/s step gust calculated from Equation (4.2-2). Review of
Table 4.1 shows extreme similarities in all of the wind fields when compared with the predicted
acceleration value. Models 4 and 5 were handled differently for the determination of the maximum
w· az
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value. The negative impulsive acceleration value was ignored when determining the maximum
peak due to a step response. Figure 4.5 graphically illustrates the contents of Table 4.1. Again
observe the close agreement between the models. Higher response values associated with the
R233-04 and R235-05 flight conditions are most likely due to the lighter weight and slower speed
trim values.











R191-06 0.2305 0.2285 0.2266 0.2310 0.2343 0.2377 0.2295
R233-01 0.2322 0.2302 0.2282 0.2330 0.2363 0.2398 0.2324
R233-04 0.2690 0.2663 0.2637 0.2713 0.2770 0.2832 0.2655
R235-02 0.2411 0.2389 0.2369 0.2424 0.2463 0.2505 0.2346
R235-05 0.2693 0.2666 0.2642 0.2710 0.2763 0.2821 0.2651
R240-09 0.2411 0.2389 0.2369 0.2424 0.2463 0.2505 0.2346
2018018 0.2535 0.2511 0.2487 0.2555 0.2605 0.2655 0.2486
ΔncgPeak
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Figure 4.5 Initial Peak Response from Step Gust, Absolute Comparison
To determine a relative comparison of each of the models to the predicted value of the normal
load peak, values of percent difference were determined. The results of this calculation are shown
in Table 4.2. The response for each of the models can be considered excellent for the test matrix of
trim conditions. An absolute maximum value of 5.31% is experienced by Model 5 for the trim con-
dition for R233-04 and all other models are less than 3% overall. An absolute minimum value of
0.08% is experienced by the continuous closed-loop simulation for the trim condition for R233-01.
This good uniform agreement associated with a theoretical wind field like the step gust shows the
promise of the models for more complex gust disturbances. Each model is well balanced and pro-
duces an acceptable response. Figure 4.6 graphically illustrates the contents of Table 4.2. The
reader is cautioned against strongly concluding that Model 5 is slightly inferior because the theo-
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etration physics included in Model 5. The response of the six simulation models to the step gust
encounters is considered acceptable for all models and trim conditions studied.
Table 4.2 Initial Peak Response from Step Gust, Relative Comparison
Trim Condition Wind 
Field
% Difference




R191-06 -0.85% -1.65% 0.24% 1.65% 3.12% -0.39%
R233-01 -0.86% -1.70% 0.36% 1.78% 3.26% 0.08%
R233-04 -0.99% -1.95% 0.89% 2.99% 5.31% -1.31%
R235-02 -0.89% -1.75% 0.53% 2.17% 3.91% -2.70%
R235-05 -0.99% -1.90% 0.64% 2.59% 4.77% -1.55%
R240-09 -0.89% -1.75% 0.53% 2.17% 3.91% -2.70%
2018018 -0.95% -1.89% 0.79% 2.73% 4.72% -1.94%
Absolute Maximum -0.99% -1.95% 0.89% 2.99% 5.31% -2.70%
Absolute Minimum -0.85% -1.65% 0.24% 1.65% 3.12% 0.08%
ΔncgPeak
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Figure 4.6 Initial Peak Response from Step Gust, Relative Comparison
4.3 Response to Random Noise Turbulence
Similar to the step gust wind field, the random noise vertical wind field provides a theoretical
prediction for comparative analysis. The input random noise signal is defined with a Gaussian
shape that excites all frequencies for the simulation models. This random input signal brings out
unique features evident in Models 4 and 5 as they experience the turbulence input. For the random
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determined for each simulation model type (including the continuous closed-loop simulation). Fig-
ure 4.7 illustrates a typical response for two of the six models studied.
Figure 4.7 Response to Random Noise Turbulence, Models 2 and 5
The three simplest models (Models 1, 2, and 3) and the continuous closed-loop simulation, if
plotted, would all be located in the same response band as that shown for Model 2. Model 4, like
Model 5, exhibits a more intense acceleration response due to the Gaussian noise signal input. This
amplification is explained by the artifact of the form of the transfer functions for Models 4 and 5.
As the frequency increases, the magnitude of the transfer function for Models 4 and 5 do not
decrease or level off like the others, but tend to increase in magnitude to infinity as frequency
increases. Figure 4.8 illustrates the running standard deviation calculation  of the model
responses to random noise for the R235-05 trim condition. Models 1, 2, and 3 and the continuous





























from Model 5 in this figure as well. The difference between the two curves is more than likely
attributed to the removal of  terms in the model developed.
Figure 4.8 Response to Random Noise Turbulence, RMS Calculation
The values listed in Table 4.3 contain the average of the running standard deviation calculation
of the normal load response from each simulation for each of the wind field trim conditions. Table
4.3 also includes a theoretical predicted value unique to each simulation model for comparative
analysis. The theoretical prediction is determined by Equation (4.3-1).
 (4.3-1)
The upper bound of the integration limit  is determined to be 10 rad/s for an acceptable calcula-
tion of the response. The transfer function of each model is substituted for  appropriately.
The variable  represents the spectral form of the turbulence input. For this subsection, the
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R235-05 Flight Condition
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The value of the gust multiplier chosen for the analysis portion is . Also, because the
current form of the continuous closed-loop simulation cannot be represented by a transfer func-
tion, no theoretical value can be determined for its response to random noise. Also, only the center
of gravity fuselage station can be determined for this portion of the study. Review of Table 4.3
shows a reasonable correlation for Models 1, 2, and 3 compared with the theoretical prediction of
the standard deviation of the normal load temporal series. As expected, Models 4 and 5 do a poor
job at approximating the theoretical prediction of the standard deviation value of the series since
Equation (4.3-1) may not apply to non-proper transfer functions. Figure 4.9 graphically illustrates
the contents of Table 4.3. Similar features from Figure 4.8 are illustrated in the following figure.










Simulation 0.2304 0.2281 0.2318 0.4951 0.6781 0.2300
Theoretical 0.2568 0.2425 0.2565 0.2574 0.2614 -
R233-01
Simulation 0.2321 0.2297 0.2339 0.5005 0.6889 0.2333
Theoretical 0.2740 0.2587 0.2751 0.2761 0.2807 -
R233-04
Simulation 0.2679 0.2651 0.2719 0.6709 0.9692 0.2662
Theoretical 0.2910 0.2755 0.2987 0.3011 0.3090 -
R235-02
Simulation 0.2407 0.2383 0.2431 0.5508 0.7748 0.2353
Theoretical 0.2678 0.2535 0.2711 0.2725 0.2779 -
R235-05
Simulation 0.2684 0.2656 0.2716 0.6417 0.9155 0.2659
Theoretical 0.2787 0.2640 0.2842 0.2860 0.2925 -
R240-09
Simulation 0.2407 0.2383 0.2431 0.5508 0.7748 0.2353
Theoretical 0.2678 0.2535 0.2711 0.2725 0.2779 -




Figure 4.9 Response to Random Noise Turbulence, Absolute Comparison
To determine a relative comparison of each of the models to the predicted value of normal load
standard deviation, the percent difference was determined. The results of this calculation are
shown in Table 4.4. The response for Models 1, 2, and 3 can be considered acceptable when
responding to a Gaussian random noise wind field input. All percent difference values for the three
models are less than 16%. Considering the frequency content, these models do well in accounting
2018018
Simulation 0.2531 0.2504 0.2564 0.6238 0.8808 0.2496
Theoretical 0.2810 0.2649 0.2866 0.2884 0.2950 -
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for the wide range of signals. The lack of a transfer function form of the continuous closed-loop
simulation prevents a relative comparison of the model to a theoretical value. Models 4 and 5 are
unacceptable for this type of wind field, primarily because the random noise input has unfiltered
characteristics with many sharp gradients back and forth between positive and negative values,
and Models 4 and 5 are thus continually reacting, thereby, indicating the responses are over ampli-
fied in a relative sense. Although the gust penetration physics are modeled properly by these two
models, a real system with numerous subsystems between the atmosphere and the sensing element
inside the aircraft prevent a measurement like the one described in the tabular contents. Figure
4.10 graphically illustrates the contents of Table 4.4. The response of simulation Models 1, 2, and
3 to random noise turbulence is considered acceptable for all trim conditions studied.
Table 4.4 Response to Random Noise Turbulence, Relative Comparison
Trim Condition 
% Difference





R191-06 10.30% 5.93% 9.61% -92.40% -159.43% -
R233-01 15.29% 11.19% 14.99% -81.30% -145.45% -
R233-04 7.92% 3.79% 8.99% -122.84% -213.69% -
R235-02 10.14% 6.00% 10.35% -102.14% -178.84% -
R235-05 3.72% -0.61% 4.44% -124.34% -212.99% -
R240-09 10.14% 6.00% 10.35% -102.14% -178.84% -
2018018 9.92% 5.84% 10.55% -116.27% -198.61% -
Absolute Maximum 15.29% 11.19% 14.99% -81.30% -145.45% -
Absolute Minimum 3.72% -0.61% 4.44% -124.34% -213.69% -
σΔncg
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Figure 4.10 Response to Random Noise Turbulence, Relative Comparison
4.4 Response to Discrete Vortex
The discrete vortex encounter provides a unique opportunity to use a derived vertical wind
field from a convective induced atmospheric rotor incident with a commercial aircraft. The verti-
cal wind slowly builds to a maximum upward velocity and rapidly changes direction and dissipates
(see Figure 2.5). A vortex rotor may commonly be encountered near mountainous regions. No the-
oretical prediction is available for the discrete vortex encounter and, therefore, only a figure show-
ing the response predicted by the simulation models is considered. Further, the form of the
turbulence does not lend itself to such statistical methods like the standard deviation or percent dif-
ference comparison. The response of six simulation models for one of the many trim conditions
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Figure 4.11 Response to Discrete Vortex Encounter
The overall response of all the models and their consistency when compared to one another
visually shows good correlation. As the vortex gust input builds, all models respond appropriately
in a continuous fashion. At approximately , the aircraft enters the vortex core and the wind
input rapidly changes sign from an updraft to a downdraft. Aircraft model responses quickly react
with a large positive transient and overshoot. At , Models 4 and 5 briefly overestimate the
load response with respect to Model 3. Thereby, at the  overshoot, their remaining
response is smaller in magnitude than Model 3. At approximately , the vehicle exits the
vortex core. All models again respond with a large negative transient and then oscillate and
dampen out to zero. Note Models 4 and 5 initially respond in the opposite direction from the gen-
eral trend. Model 1 does a remarkable job at approximating the acceleration response given the
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continuous closed-loop simulation continues to oscillate slowly before coming to rest. This behav-
ior can be explained by the convolution integral implementation for the continuous closed-loop
simulation. For a practical implementation purpose, it is not possible to have this simulation model
respond to its complete time history as theory dictates. Previous research and experience have
illustrated that a sliding window of twenty-seconds suites the integration window best. The
twenty-second “memory” influences the normal load response of the continuous closed-loop sim-
ulation, causing the oscillations. The response of the six simulation models to the discrete vortex
encounters is considered acceptable for all models and trim conditions studied.
4.5 Response to von Karman Turbulence
The next logical step in performing analysis on the performance of the simulation models is to
subject each simulation model to von Karman turbulence. Similar to the others, a von Karman ver-
tical wind field provides a theoretical prediction for comparative analysis. Similar to random noise
turbulence, von Karman turbulence excites a broad range of frequencies in the aircraft model;
however, this wind field has the added benefit of an underlying waveform modeled on the von
Karman spectral component. This feature gives the random noise a shape that emulates an atmo-
spheric turbulence environment and has been used in numerous studies in the past. Figure 4.12
illustrates a typical response for one of the six models under study. A Model 1 normal load
response is presented for the trim condition of the R233-04 wind field. The vertical wind field has
a characteristic length scale of 500 m and an intensity multiplier of 3 m/s has been selected. For the
von Karman vertical turbulence, seven results corresponding to the seven available trim conditions
may be determined for each simulation model type, six in all.
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Figure 4.12 Response to von Karman Turbulence, Model 1
The simplest of the simulation models is shown in Figure 4.12. The others line up well with
the Model 1 response shown. Visual inspection of the figure shows what looks like an intense ran-
dom turbulence encounter; however, closer inspection of the entire series reveals a definite pattern
within the noise spikes. Figure 4.13 illustrates the running standard deviation calculation 
of the model responses to von Karman turbulence for the R191-06 trim condition for all six simu-
lations. For the fifty-second period selected, the differences between each of the models is evident.
The running standard deviation calculation allows a more sensible look at each model’s normal
load response to an atmospheric disturbance. Similarly with the theoretical development, the mod-
els collect with one another along similar groupings. In general, the continuous closed-loop simu-
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good response estimate that follows the more complex Models 3, 4, and 5. Model 2 seems to con-
sistently under predict this model set.
Figure 4.13 Response to von Karman Turbulence, RMS Calculation
The values listed in Table 4.5 contain the average of the running standard deviation calculation
of the normal load response series from each simulation for each of the wind field trim conditions.
Table 4.5 also includes a theoretical predicted value unique to each simulation model for compara-
tive analysis. The theoretical prediction is determined by Equation (4.3-1), similar to the random
noise turbulence input. As before, the upper bound of the integration limit  is selected to be 10
rad/s for an acceptable calculation of the response. The transfer function of each model replaces
 appropriately. The variable  represents the spectral form of the von Karman tur-
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The value of the gust multiplier chosen for the analysis portion is ,  is 500 m, and 
is a unit less constant of 1.339. Also, because the current form of the continuous closed-loop simu-
lation cannot be represented by a transfer function, no theoretical value can be determined for its
response to von Karman turbulence. In addition, only the center of gravity fuselage station position
can be determined for this portion of the study. Review of Table 4.5 shows a reasonable correlation
for Models 1 through 5 compared with the theoretical prediction of the standard deviation of the
normal load temporal series. The continuous closed-loop simulation also performs well, but it is
apparent that it tends to underestimate the total response of the aircraft to this type of turbulence.
Figure 4.14 graphically illustrates the contents of Table 4.5. Similar features from Figure 4.13 are
exhibited in the following figure.




Descriptor Model 1 Model 2 Model 3 Model 4 Model 5 Cont. Closed-Loop Simulation
R191-06
Simulation 0.1536 0.1410 0.1552 0.1549 0.1562 0.1364
Theoretical 0.1555 0.1407 0.1570 0.1559 0.1572 -
R233-01
Simulation 0.1526 0.1398 0.1553 0.1549 0.1562 0.1342
Theoretical 0.1618 0.1467 0.1652 0.1640 0.1655 -
R233-04
Simulation 0.1575 0.1446 0.1665 0.1654 0.1662 0.1408
Theoretical 0.1568 0.1432 0.1678 0.1664 0.1686 -
R235-02
Simulation 0.1545 0.1415 0.1595 0.1587 0.1598 0.1344
Theoretical 0.1548 0.1409 0.1606 0.1594 0.1610 -
R235-05
Simulation 0.1644 0.1508 0.1716 0.1706 0.1715 0.1467
Theoretical 0.1556 0.1420 0.1641 0.1628 0.1647 -
R240-09
Simulation 0.1545 0.1415 0.1595 0.1587 0.1598 0.1344
Theoretical 0.1548 0.1409 0.1606 0.1594 0.1610 -
2018018
Simulation 0.1572 0.1440 0.1638 0.1627 0.1637 0.1377
Theoretical 0.1548 0.1414 0.1629 0.1614 0.1633 -
σwg 3 m/s= L a
σΔncg
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Figure 4.14 Response to von Karman Turbulence, Absolute Comparison
To determine a relative comparison of each of the models to the predicted value of normal
standard deviation, the percent difference was determined. The results of this calculation are
shown in Table 4.6. The response for each of the simulation models can be considered acceptable
when responding to von Karman turbulence. All percent difference values for the five models are
less than +/-6.2%. Considering the frequency content, these models do well in accounting for the
wide range of signal inputs. The lack of a transfer function form of the continuous closed-loop
simulation prevents a relative comparison of this simulation to a theoretical value. Unlike their
response to Gaussian random noise, Models 4 and 5 do a good job at matching the theoretical pre-
diction for this type of wind field. Here, the turbulence has a filtered characteristic, effectively
smoothing the excitation signal and hence reducing the impact of Models 4 and 5 sensitivity to
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all simulation models to von Karman turbulence is considered acceptable for all trim conditions
studied.
Table 4.6 Response to von Karman Turbulence, Relative Comparison
Trim Condition 
% Difference
Model 1 Model 2 Model 3 Model 4 Model 5 Cont. Closed-Loop Simulation
R191-06 1.25% -0.19% 1.13% 0.67% 0.63% -
R233-01 5.65% 4.73% 6.02% 5.57% 5.58% -
R233-04 -0.43% -0.92% 0.76% 0.58% 1.41% -
R235-02 0.21% -0.43% 0.73% 0.43% 0.73% -
R235-05 -5.63% -6.20% -4.63% -4.79% -4.14% -
R240-09 0.21% -0.43% 0.73% 0.43% 0.73% -
2018018 -1.55% -1.81% -0.54% -0.79% -0.21% -
Absolute Maximum 5.65% -6.20% 6.02% 5.57% 5.58% -
Absolute Minimum 0.21% -0.19% -0.51% 0.43% -0.21% -
σΔncg
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Figure 4.15 Response to von Karman Turbulence, Relative Comparison
4.6 Response to Modified von Karman Turbulence
The vertical wind field associated with the modified von Karman turbulence is similar in form
to the von Karman wind field presented earlier. However, this wind field modulates the von Kar-
man standard deviation parameter with Gaussian random noise to tailor specific time series behav-
ior while preserving the overall shape of the von Karman spectra. Results for the model responses
to modified von Karman turbulence is expected to be similar to those results previously presented.
Figure 4.16 illustrates a typical response for one of the six models under study. Model 4 is illus-
trated for the trim conditions of the R235-02 wind field. The vertical wind field has a characteristic
length scale of 500 m. For the modified von Karman turbulence, seven results for each trim condi-
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Figure 4.16 Response to Modified von Karman Turbulence, Model 4
With respect to the response of Model 4, the others match well with this normal load time
series plot. Visual inspection of the figure shows what looks like an intense random turbulence
encounter; however, closer inspection of the entire series reveals a definite pattern within the noise
spikes. Figure 4.17 illustrates the running standard deviation calculation  of the model
responses to the modified von Karman turbulence for the R233-04 trim condition for all six simu-
lations. For the fifty-second period selected, the differences between each of the models is evident.
The running standard deviation calculation allows a more sensible look at the each model’s normal
load response to an atmospheric disturbance. The model response to the turbulence tends to spread
the curves apart, eluding to a possible scalable constant value relating the simulation models to one
another. Because of the similar nature of this turbulence to the standard von Karman turbulence
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results will be provided. Conclusions made at the end of Section 4.5 hold true for an aircraft
response to modified von Karman turbulence.
Figure 4.17 Response to Modified von Karman Turbulence, RMS Calculation
4.7 Response to Flight Test Data
The pinnacle result is analysis of the simulation models by comparing output results using
flight test data as a source input. Flight test data provides a real-world test for the simulation mod-
els. A broad range of frequencies are experienced, sudden jumps in wind field magnitude, and a
source of accelerometer data are all provided from a flight test wind field data set. The flight test
accelerometer data also provides another source of comparison using forward, center, and aft fuse-
lage accelerometer stations. Various results are available for each of the wind field conditions pre-
sented earlier and their associated trim conditions. Because of the comparison with flight test data,
the total possible combination of simulation runs with trim conditions and flight test wind fields



























































accelerometer data from a flight test associated wind field cannot be compared with the same wind
field utilizing a different trim condition.
The simulation models (Models 1 through 5) incorporate an ability to predict the accelerations
along the center line of a rigid aircraft model. Figure 4.18 illustrates a trace of vertical acceleration
(positive down) for the forward, center of gravity, and aft stations within the fuselage. Wind field
R235-02 and its trim condition were selected for this example and the response of Model 3 for
three accelerometer stations is shown. The normal load trace performs as expected for the Model 3
response. The aft accelerometer produces a higher normal load than the center accelerometer, and
subsequently the forward accelerometer. However, the signal difference is only easily discernible
when focusing down to the half second displayed in Figure 4.18. A larger spread of the three accel-
erometer station responses was expected than what was calculated. Previous work conducted by
AeroTech Research during the TPAWS flight tests studied recorded data streams from the three
fuselage accelerometers with comparative calculations made by onboard In Situ Algorithms.
These algorithms estimate the three components of the acceleration vector at each of the fuselage
stations using information on the location of the sensors in the body reference system of the air-
craft and high frequency measured Euler body axis rates. This calculation concept is similar in
form to the work presented in Section 3.6 and Equation (3.6-2). During the flight test study, this In
Situ Algorithm is driven by a flight test based  signal (one of many) in the acceleration estima-
tion. Results between the predicted and measured values of acceleration correlate well for each
sensor station. A comparison of the  signal from the simulation models with the estimated values
from the In Situ algorithms indicate a difference in signal strength. This implies that the values of
 in flight aboard the B-757-200 are different than the  estimated within the simulation models
studied herein. The automatic control system of the B-757-200 utilizes various control surfaces
such as the elevator to maintain controlled, level flight. Movements of the elevator surface can






ward and aft accelerations. The lack of a control system feedback loop for elevator modeled in the
simulations is a major contributor for the lack of spread of the acceleration signals between the
fuselage stations.
Figure 4.18 Accelerometer Response to R235-02, Model 3
Next, a trace of all simulation models is compared with flight data. Figure 4.19 illustrates the
normal load response of all simulation models for the R240-09 flight condition and its flight
derived wind field along with the flight test recorded acceleration for the center of gravity station.
Other traces are available for other wind fields and fuselage stations, but are not provided because
the data in Figure 4.19 is representative of the entire data set. All simulation models consistently
group together when responding to the wind field input. The most energetic responses are Models
4 and 5. The continuous closed-loop simulation is the slowest in responding to the high energy
event. However, the modeled data does not correlate well with the flight data in a temporal sense.





























mathematical models. Figure 4.19 suggests there is a local bias offset in the time axis. It is sus-
pected that this mismatch is caused by the lack of modeling of an entire aircraft system and the
data acquisition process in the simulation. Recording parameters have leads and lags, accelerome-
ters have built in signal lag, and the aircraft is a flexible structure, all of which have been ignored
in the modeling process. However, inspection of the entire event, instead of just four-seconds,
shows that each of the simulations can approximate the B-757-200 aircraft response within some
degree of accuracy and consistency.
Figure 4.19 Accelerometer Response to R240-09, All Models
Similar traces can be developed illustrating the 5 s running standard deviation calculation for
the R233-01 and R191-06 flight conditions. Model 3 results have been selected to be shown in
Figure 4.20 and Figure 4.21. The spread between forward, center, and aft stations is again under
predicted due to the absence of a modeled control system. However, the aft signal is consistently





































running window standard deviation result tends to average out the temporal synchronization issue.
Also note that all models tend to consistently predict the flight test data.
Figure 4.20 Running Standard Deviation Response to R233-01, Model 3




















































































































For a more comprehensive and detailed comparison, the absolute peak normal load was deter-
mined for each accelerometer station for each of the trim conditions across the entire time series.
This data is presented in Table 4.7. Due to the large volume of data in Table 4.7, the results of the
numerous simulations have also been collected graphically in Figure 4.22, Figure 4.23, and Figure
4.24. Each figure illustrates the peak normal load value predicted by the simulation model. Results
for the continuous closed-loop simulation are limited to the center accelerometer location as dis-
cussed earlier. The results presented give varying correlations between flight test data and the sim-
ulation model predicted values, depending on which wind field, which model, and which fuselage
station is considered. For example, Model 3 does a very good prediction of the flight data for wind
field R191-06 at both the forward and center fuselage stations while suffering accuracy for wind
field R235-02 at the aft station. Opposite trends can be observed for Model 5. However, the overall
trend that the models adequately predict the flight data at the center fuselage station, for the most










































































































































































































































































































































































































































































































































































Figure 4.22 Peak Normal Load Response, Forward Accelerometer, Absolute Comparison
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Figure 4.24 Peak Normal Load Response, Aft Accelerometer, Absolute Comparison
As an alternative, consider a relative comparison of the peak acceleration values for each of
the model responses to a flight test wind field to exhibit any trends that may be evident in the data.
The percent difference has been calculated for each simulation model compared to the value of the
recorded in-flight accelerometer value for the three fuselage stations. Results are presented in
Table 4.8. As with the results presented above, the results presented in Table 4.8 are difficult to
review given the volume of information. The results of the numerous simulations have been col-
lected graphically in Figure 4.25, Figure 4.26, and Figure 4.27. Each figure illustrates the peak
normal load value predicted by the simulation model using a percent difference with the flight test
data. Results for the continuous closed-loop simulation are limited to the center accelerometer






























































































































































































































































































































































































































































































































































































































































Figure 4.25 Peak Normal Load Response, Forward Accelerometer, Relative Comparison
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Figure 4.27 Peak Normal Load Response, Aft Accelerometer, Relative Comparison
The comparison of the peak acceleration values does not yield any strong conclusions on the
acceptability of the simulation models in predicting an aircraft’s response to an atmospheric distu-
bance. Values are scattered throughout a broad range and some are unrealistic. Model 5 is the only
simulation model to consistently approach the lowest minimum percent difference from the flight
test peak acceleration value for the center accelerometer location yet it has the largest variation for
any single data point. Other simulation models have low percent difference values, but not consis-
tently. A best match for Model 5 occurs during wind field R233-04 with a match of 6.1%. Other
simulation models do a decent job of approximating the normal load response with values typi-
cally below +/- 40%. Results for the forward and aft accelerometer locations are somewhat defi-
cient for a performance measure technique. It is suspected that the absence of a control system
effect in the simulation models may be contaminating the comparison. Most of these encounters
near the peak acceleration would experience significant control inputs provided by the autopilot
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In a similar manner to the process above, results are calculated for each test point and are com-
pared to flight data using a standard deviation calculation of the entire data series. It is suspected
that this analysis method should eliminate some of the possible outlier results, thereby providing a
better comparison. Table 4.9 contains the raw data values for an absolute comparison of a standard
deviation calculation of the normal load for the matrix of test conditions. In addition, the results
presented in Table 4.9 are again difficult to review given the volume of information. The results of
the numerous simulations have been collected graphically in Figure 4.28, Figure 4.29, and Figure
4.30. Each figure illustrates the standard deviation calculation of the entire normal load series pre-
dicted by the simulation model for each accelerometer fuselage station. Results for the continuous




















































































































































































































































































































































































































































































































































































Figure 4.28  Overall Standard Deviation of Normal Load, Forward Accelerometer, Absolute 
Comparison
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Figure 4.30 Overall Standard Deviation of Normal Load, Aft Accelerometer, Absolute 
Comparison
Comparison of the overall standard deviation of normal load values also does not yield any
breakthrough conclusions on the acceptability of the simulation models in predicting an aircraft’s
response to an atmospheric disturbance. It is evident that there is little change in the absolute value
of the standard deviation calculated for each of the accelerometers as suggested by the parallel
lines for each model. The trends in the above figures also point to the fact that the higher fidelity
models (Models 4 and 5) approximate the values from the flight test data better; however, these
values are not close enough. Results for the forward and aft accelerometer locations are lacking for
this performance measure technique. It is suspected that the automated and piloted control inputs
during these turbulence encounters may be contaminating the comparison.
Next, a relative comparison is determined of the overall standard deviation calculation of the
simulation models with the flight test data to a flight test wind field. The percent difference has
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flight accelerometer for the three fuselage stations and results are presented in Table 4.10. The
results of the numerous simulations have been collected graphically in Figure 4.31, Figure 4.32,
and Figure 4.33. Each figure illustrates the relative percent difference of the standard deviation
calculation of the entire normal load series predicted by the simulation model with the flight test
data for each accelerometer fuselage station. Results for the continuous closed-loop simulation are






















































































































































































































































































































































































































































































































































































































































Figure 4.31 Overall Standard Deviation of Normal Load, Forward Accelerometer, Relative 
Comparison
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Figure 4.33 Overall Standard Deviation of Normal Load, Aft Accelerometer, Relative 
Comparison
Values are scattered throughout a broad range of percentage differences. Model 5 is consis-
tently the closest predictor of the flight test data standard deviation calculation with Model 4 fol-
lowing closely. The other models fall together in a consistent and almost scalable manner. A best
match occurs with wind field R191-06 with a match of -1.0% from Model 5 for the forward sta-
tion. Other simulation models do a comparable job of approximating the normal load response
with values typically below -40% for the first three wind fields and often higher for the last three
fields. Results for the forward and aft accelerometer locations do not yield promising results for
their acceptability as a predictor. As with the other flight data comparisons, it is suspected that the
control system effects of the B-757-200 during these stronger than typical turbulence encounters
may be contaminating the comparison.
The remaining materials within this section are an attempt to collapse the numerous plots for
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and figures were created by finding the absolute difference between a model’s acceleration
response with that of the flight test data. A standard deviation was than calculated for each result
for the entire length of the wind field. The results of this calculation are presented in Table 4.11.
The information is then normalized with respect to Model 1 using Equation (4.0-4) to show per-
cent of improvement for each model. This criteria may be used because it is assumed that each
model of increasing complexity should provide an improvement (or divergence) over the simplest
aircraft model (Model 1). These percent of improvement values are listed in Table 4.12. A positive
value in the table represents improvement over Model 1. A negative value inversely represents
divergence from Model 1. Also, in the following figures and tables the continuous closed-loop
simulation, represented by CCLS in the figure axis labels, is only available for the center of gravity
located accelerometer. Figure 4.34, Figure 4.35, and Figure 4.36 summarize the relative tabular
data.
Table 4.11 Standard Deviation of Flight Data minus Model, Absolute Comparison
Fuselage 
Station 
Wind Field / 
Trim Condition
 (g)
Model 1 Model 2 Model 3 Model 4 Model 5 Cont. Closed-Loop Simulation
Forward
R191-06 0.1428 0.1390 0.1345 0.1410 0.1474 -
R233-01 0.1430 0.1412 0.1395 0.1447 0.1509 -
R233-04 0.0843 0.0824 0.0743 0.0803 0.0870 -
R235-02 0.0763 0.0750 0.0688 0.0719 0.0755 -
R235-05 0.0905 0.0894 0.0863 0.0895 0.0930 -
R240-09 0.1269 0.1250 0.1126 0.1162 0.1201 -
Center
R191-06 0.1168 0.1142 0.1076 0.1137 0.1212 0.1044
R233-01 0.1139 0.1132 0.1095 0.1136 0.1203 0.1045
R233-04 0.0790 0.0779 0.0658 0.0709 0.0780 0.0685
R235-02 0.0680 0.0668 0.0580 0.0610 0.0649 0.0570
R235-05 0.0847 0.0841 0.0805 0.0829 0.0862 0.0818





R191-06 0.1475 0.1471 0.1408 0.1442 0.1497 -
R233-01 0.1543 0.1546 0.1506 0.1532 0.1580 -
R233-04 0.0991 0.0989 0.0869 0.0905 0.0960 -
R235-02 0.0896 0.0892 0.0810 0.0824 0.0849 -
R235-05 0.0944 0.0943 0.0909 0.0929 0.0960 -
R240-09 0.1426 0.1436 0.1258 0.1282 0.1313 -
Table 4.12 Standard Deviation of Flight Data minus Model, Relative Comparison
Fuselage 
Station 
Wind Field / 
Trim Condition
% Improvement / Divergence
Model 1 Model 2 Model 3 Model 4 Model 5 Cont. Closed-Loop Simulation
Forward
R191-06 0.0% 2.7% 5.8% 1.3% -3.2% -
R233-01 0.0% 1.2% 2.4% -1.2% -5.5% -
R233-04 0.0% 2.2% 11.8% 4.7% -3.3% -
R235-02 0.0% 1.7% 9.8% 5.8% 1.1% -
R235-05 0.0% 1.2% 4.6% 1.1% -2.7% -
R240-09 0.0% 1.5% 11.2% 8.4% 5.3% -
Center
R191-06 0.0% 2.2% 7.8% 2.6% -3.8% 10.6%
R233-01 0.0% 0.6% 3.9% 0.3% -5.7% 8.3%
R233-04 0.0% 1.5% 16.8% 10.3% 1.3% 13.4%
R235-02 0.0% 1.8% 14.7% 10.4% 4.6% 16.3%
R235-05 0.0% 0.7% 4.9% 2.1% -1.8% 3.4%
R240-09 0.0% 0.3% 13.5% 11.1% 8.1% 14.7%
Aft
R191-06 0.0% 0.3% 4.5% 2.2% -1.5% -
R233-01 0.0% -0.2% 2.4% 0.7% -2.4% -
R233-04 0.0% 0.2% 12.3% 8.7% 3.1% -
R235-02 0.0% 0.5% 9.6% 8.0% 5.2% -
R235-05 0.0% 0.1% 3.7% 1.6% -1.7% -
R240-09 0.0% -0.7% 11.8% 10.1% 7.9% -
Table 4.11 Standard Deviation of Flight Data minus Model, Absolute Comparison
Fuselage 
Station 
Wind Field / 
Trim Condition
 (g)




Figure 4.34 Percent of Improvement Over Model 1, Forward Accelerometer
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Figure 4.36 Percent of Improvement Over Model 1, Aft Accelerometer
For the most part, for each of the wind fields, a consistent ranking in relation to other data
points is apparent in the above figures. Model 2 illustrates a slight improvement in matching the
flight data over Model 1. Models 3, 4, and 5 each improve, with a few noted exceptions, when
compared to Model 1 for the forward and center accelerometer location. The continuous closed-
loop simulation as shown in Figure 4.35 for a secondary comparison is an improvement over
Model 1. For all three accelerometer locations, the higher fidelity models do not significantly
improve, and in specific cases diverge, from the simpler models in approximating the flight data.
This trend may be due to non-linear effects of the stability derivatives used in the linear simulation
models. Of the three fuselage locations, Model 3 consistently improves better than any of the other
three models. This result is typical of most of the results presented throughout this work. Also,
note the Model 3 simulation improvement, which neglects the effect of a control system, is

































Presented is a collection of unique methods, their development, and implementation for five
aircraft models of increasing complexity due to the addition of gust penetration effect terms. The
work contained herein illustrates the general development of a simulation methodology and imple-
mentation technique that is aircraft type and model independent that recovers normal acceleration
during aircraft transient motion caused by atmospheric disturbances. Through a comprehensive
development of the equations of motion governing a linear aircraft model, a discrete form of simu-
lation has been developed based only on a change in coefficients from the fundamental dynamics
of motion. The fully developed, unified framework accommodates a wide variety of atmospheric
disturbance models and allows for the prediction of the loads experienced at locations along an air-
craft’s center line for a rigid body model.
5.1 Conclusions
The ultimate charge this research was given is to provide a comprehensive comparison of sim-
ulated responses to actual flight derived wind fields with recorded research quality flight data. It is
intended that this comparison is the best form of verification and validation of the simulation mod-
els and the implementation techniques. Through this comparison, a true measure of the best model
traded against the degree of complexity has been obtained. Further, the comparative analysis has
provided an overall confirmation of the technical derivation and coding activities of this thesis.
Results indicate that each of the models contribute a unique response for the same aircraft type
to an atmospheric disturbance. Responses to theoretical wind fields provide a quality measure of
each of the simulation models and the flight test wind fields provide a complete and complex dis-
turbance that tests each model’s capability to mimic the B-757-200 dynamic motions. Model 1 for
all its simplicity does a very good job at producing usable results for a first cut simulation of the
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fully functioning aircraft with an autopilot control system through turbulence. Model 2 improves
upon Model 1 by adding additional gust penetration effects through the non-dimensional stability
derivative . Model 2’s improvement over Model 1 is small, but the added complexity of its
implementation is also negligible.
The third model indicates it is an acceptable substitute to a high fidelity, non-linear simulation
when approximating the acceleration response of flight test data. Model 3 consistently describes
the motion of the aircraft in atmospheric turbulence. For little complexity added in its implementa-
tion compared with the others, Model 3 tends to out perform other simulation models. In addition,
Model 3 is capable of describing the motions of an aircraft during turbulence that is similarly
accomplished by the continuous closed-loop simulation that can be described to incorporate a high
fidelity control system and the complete response of the aircraft modeled. An aircraft model like
Model 3 is suitable to be incorporated in the NASA Aviation Safety Turbulence Prediction and
Warning System program study focusing on turbulence radar measurements. The model can be
used for validation of predicted hazards for the aircraft as displayed.
Originally, it was anticipated that as the model complexity increased, the predicted accelera-
tion response would match flight test data more accurately. Models 4 and 5 incorporate additional
gust penetration effects by the inclusion of  in both force and moment equations. Also, unlike
the other models, Model 5 contains the non-dimensional stability derivative  which can influ-
ence the behavior of the system acceleration response. The addition of the  term required a diffi-
cult and different handling of the system transfer function implementation. An improper transfer
function results in an overly sensitive behavior of the system model to gust input derivatives, caus-
ing the acceleration response to over predict at times. Models 4 and 5 exhibit an impulsive behav-
ior when there is a sharp discontinuity in the gust input that the other models completely ignore.
However, Models 4 and 5 mimic the true gust penetration physics of the actual system, under the






Given a step gust input, it could be interpreted that Models 1, 2, and 3 are deficient in fidelity
if attention is given to the initial impulse transient, or lack thereof. An opposing interpretation
could be that Models 4 and 5 are deficient because they generate transients that are theoretical or
unmeasurable. Yet another could be that Models 1, 2, 3, 4, and 5 are all in close agreement when
the initial direct feed through behavior (predicted peak) is emphasized. During the study of the
model’s response to theoretical atmospheric wind fields, Models 4 and 5 would perform well when
an underlying waveform was present in the input signal. As the input wind field becomes more
erratic, as in the case of random noise or true atmospheric disturbances captured during the B-757-
200 flight tests, the response of Model 4 and 5 proves to be an inconsistent and often unusable
source for studying an aircraft’s response. This feature is attributed to the smaller wavelengths
(less than 400 m) of some portions of the input wind fields. As the wavelength approaches the
length of the chord of the aircraft, additional higher order modeling such as unsteady aerodynam-
ics would be required for the gust penetration effects. Given the added complexity in the system
implementation and the required non-dimensional stability derivatives, Models 4 and 5, depending
on the wind field input, are much less acceptable at predicting the vertical acceleration response
for an aircraft along its center line.
The developed three-dimensional (altitude, weight, and gravity center location) interpolation
routine designed to identify and calculate the vehicle response function for a particular aircraft at
an off-nominal (off-grid point) condition proved to be a successful contribution of this research.
This routine creates greater flexibility for the continuous closed-loop simulation which is now no
longer fixed to only the available trim points originally collected by AeroTech Research.
The developed FORTRAN software product has grown throughout the course of this research.
Having started off simply as a collection of small calculations and declarations, it has grown into
numerous subroutines and a complexity not previously envisioned. The FORTRAN program
incorporates the simulation techniques developed earlier in this work and adds the flexibility to
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continue to grow as new atmospheric disturbance fields and aircraft trim conditions are added. The
program is also no longer limited to only the B-757-200 aircraft model. With the proper non-
dimensional stability derivatives and trim flight conditions variables, any plane can be simulated
and its response calculated due to a wide variety of atmospheric wind fields.
5.2 Recommendations
Each of the models studied consistently produced results comparable to one another at each of
the fuselage stations studied. When each model’s predicted acceleration response is compared with
flight test data for similar fuselage stations, there tends to be a measurable difference in the magni-
tude of the signals. Results depend on the wind field type studied. Some of the models work better
with specific wind field characteristics than others. Additionally, only six flight test wind fields
and five theoretical wind fields have been studied in this thesis. A more comprehensive review of
a larger sample of flight data derived atmospheric disturbance encounters would prove to be a ben-
eficial contribution of future research. There are several un-modeled behavior characteristics that
could contribute to the remaining discrepancies between simulation outputs and flight data. Large
contributors are the autopilot control loops, non-stationary aerodynamics, vehicular maneuvering
(both longitudinal and lateral directions) during flight test turbulence encounters, sensor calibra-
tions onboard the B-757-200, linearization of the equations of motion error effects, flight condition
and initial condition onset mismatch, and flexible airframe effects. Additional, probably smaller
contributors of a mismatch would be the  assumption, initialization of the vertical gust
input  assumption, the data acquisition process onboard the B-757-200, and sensor
(primarily accelerometer) platform dynamics. Each contributor has individual effects that can also
combine to produce more significant discrepancies in comparative analysis.
Results presented in Section 4.7 comparing the three acceleration stations to one another indi-
cate that the pitch acceleration estimated by the simulation models does not correlate well with the
physical movements of the aircraft during the turbulence encounters thereby causing a deficiency.
θo 0=
wg 0( ) 0=( )
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A control system feedback for an elevator signal could possibly increase the moment arm enough
to produce a greater spread for the forward and aft acceleration magnitudes when calculated from
the center of gravity acceleration sensor. Continued future research is suggested for this area,
which may include additional unsteady aerodynamic gust penetration effects of the aircraft’s tail
incorporated into the simulation model to also increase the pitching moment effects.
The possibility exists that results presented in this work could be improved by incorporating
select features in the aircraft model implementation. A simple feedback control system could be
implemented using non-dimensional control derivatives from the aircraft control system driven by
the elevator and aileron, for example. This enhancement could make the incorporation of specific
closed-loop aircraft behavior difficult, but it is believed that the vertical acceleration response can
be improved by a feedback system that mimics the real aircraft.
Results may also be improved by modeling the accelerometer sensor dynamics and imperfec-
tions at each fuselage station studied. The implementation of the systems in this thesis assumes a
perfect world in the transfer of signals from the aircraft motion through an accelerometer device
and ultimately into an electromagnetic data storage device. As this data is recorded, several addi-
tional filters and analog-to-digital converters may be un-modeled, thereby adding various damping
and lag terms to the data during a flight test. The accelerometer dynamics can also influence the
characteristics of the recorded data. A complete aircraft, including all of its inner workings and
signal processing, is not modeled and is beyond the scope of this research. A next step in the
research is, therefore, to incorporate an accelerometer model and data processing emulation with
the system model. Adding such features will also avoid the improper transfer function characteris-
tics developed in Models 4 and 5 and thereby simplify the software implementation. It is suspected
that this would improve the results of these more complex models significantly.
The results presented for the continuous closed-loop simulation were only available for the
center of gravity accelerometer fuselage station. A modification to AeroTech Research’s simula-
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tion tool could provide additional acceleration response at any point along the center line of a rigid
aircraft. Given the variety of aircraft types available to AeroTech Research, this would make their
continuous closed-loop simulation a much more powerful tool for analyzing an aircraft’s response
when coupled with the three-dimensional interpolation routine.
The research performed and collected in this manuscript has implications beyond these brief
statements. Extension to other metrics can be incorporated. The lateral response, often not studied
in the graduate classroom, can be determined and a similar simulation tool can be developed. The
methods presented are primarily meant for derivation of an aircraft’s response, but a rework of the
equations of motion and different signal inputs would allow the same techniques to be applied to
totally different mass systems. The methods and techniques presented are just a framework that is
flexible enough to extend the study of the prediction of rigid body aircraft acceleration response
due to atmospheric disturbances.
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